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Abstract
For the N = 2 Kazama-Suzuki(KS) model on CP3, the lowest higher spin current with
spins (2, 5
2
, 5
2
, 3) is obtained from the generalized GKO coset construction. By computing the
operator product expansion of this current and itself, the next higher spin current with spins
(3, 7
2
, 7
2
, 4) is also derived. This is a realization of the N = 2 WN+1 algebra with N = 3
in the supersymmetric WZW model. By incorporating the self-coupling constant of lowest
higher spin current which is known for the general (N, k), we present the complete nonlinear
operator product expansion of the lowest higher spin current with spins (2, 5
2
, 5
2
, 3) in the
N = 2 KS model on CPN space. This should coincide with the asymptotic symmetry of the
higher spin AdS3 supergravity at the quantum level. The large (N, k) ’t Hooft limit and the
corresponding classical nonlinear algebra are also discussed.
1 Introduction
There are three approaches in the study of extended symmetries in conformal field theory [1].
Initiated by Zamolodchikov [2], the approach 1 is to propose the number of extra currents
with given spins and close the algebra. The direct construction of extended conformal algebra
has been used with the help of computer power. The associativity for the algebra should be
checked. On the other hand, developed by Fateev and Lukyanov [3, 4, 5], the approach 2 is to
use the Drinfeld-Sokolov reduction based on the classical Lie algebras(or Lie superalgebras).
At the quantum level, the construction of the corresponding algebra is based on the quanti-
zation of Miura transformation. The currents of the algebra in Miura basis are not primary
nor quasiprimary in general. Furthermore, the approach 3, found by [6, 7], is to study the
extended algebra on the basis of the Casimir construction for level 1 WZW models for simply
laced Lie algebras. The difficult step is to identify the complete set of independent generating
currents. By construction, the associativity is satisfied automatically.
The duality between the WN minimal model conformal field theories and the higher spin
theory of Vasiliev on the AdS3 has been proposed by Gaberdiel and Gopakumar in [8, 9, 10],
who claim that the WN minimal model conformal field theory is dual, in the ’t Hooft
1
N
ex-
pansion, to the higher spin theory coupled to one complex scalar. The N = 2 supersymmetric
extension of this duality, the higher spin AdS3 supergravity, has been studied in [11, 12, 13]
where the dual conformal field theory is given by N = 2 CPN Kazama-Suzuki(KS) model
[14, 15] in two dimensions.
Recently, for N = 4 in the KS-model on CPN space, the two higher spin currents with
spins (2, 5
2
, 5
2
, 3) and spins (3, 7
2
, 7
2
, 4) in terms of constrained WZW currents are constructed
and the operator product expansion of the lowest higher spin current and itself inN = 2WN+1
algebra, at the linear level, is presented in [16]. By taking the large (N, k) limit on the various
operator product expansions in components, at the linear order, it leads to the corresponding
operator product expansions in N = 2 classical algebra describing the asymptotic symmetries
of bulk theory found in [13].
In this paper, we reconsider the KS coset model and find out the first nontrivial operator
product expansion including the nonlinear terms. Although the two higher spin currents
were found in [16], it is rather complicated to describe the operator product expansions for
the various component fields explicitly. Therefore, we consider the N = 3 case, which is
the simplest one, in detail. For N = 2 WN+1 algebra, there exist N -multiplets whose first
component spins are 1(corresponding to the stress energy tensor), 2, · · · , N . The complete
algebra for the higher spin currents consists of 1
2
N(N − 1) operator product expansions.
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Among them, we only compute the simplest operator product expansion between the lowest
higher spin current and itself. In components, this is equivalent to 16(= 4 × 4) operator
product expansions. It turns out that this operator product expansion looks similar to the one
in N = 2 W3 algebra in the sense that the field contents are the same except the higher spin
current with spins (3, 7
2
, 7
2
, 4) and its descendant fields are absent. Of course, the coefficient
functions, i.e., 1) the central charge and 2) the self-coupling constant of the lowest higher spin
current, appearing in the right hand side of operator product expansion are replaced with
their N -generalizations respectively.
In section 2, based on the construction of higher spin current with spins (2, 5
2
, 5
2
, 3) in the
CP3 KS coset model, we describe the complete nonlinear operator product expansion of the
lowest higher spin current with spins (2, 5
2
, 5
2
, 3) in the N = 2 KS model on CPN coset space.
The next higher spin current (3, 7
2
, 7
2
, 4) occurs also in the right hand side of above operator
product expansion.
In section 3, we take the large (N, k) limit of the operator product expansion we have
found in section 2.
In section 4, we compare the algebra we have described in section 2 with the corresponding
classical algebra describing the asymptotic symmetries in the bulk theory.
In section 5, we summarize what we have found in this paper and comment on some future
directions.
In the Appendices A-D, we present some details which are necessary to sections 2, 3, and
4.
There are some partial relevant works [17]-[32] which deal with the higher spin symmetry
in different contexts. In [17], the three-dimensional Chern-Simons vector models are discussed.
The more general coset models with larger symmetry than WN symmetry are described in
[18]. In [19], the higher spin holographic duality is discussed in various dimensions. The
states of black hole in the CFT are compared to those in the bulk in [20]. In [21], the N = 2
asymptotic symmetry is described. The nonsupersymmetric holographic dual with different
group is described in [22]. In [23], the further stduy on WN minimal model is considered.
The three-point correlation function with arbitrary spin is proposed in [24]. In [25], the light
primaries in the WN minimal model are described at finite N . The CFT computation for
the three-point function with spin-4 current is described in [26]. In [27], further property of
correlation functions is given. The structure constants of all classicalWN algebra are explained
in [28]. In [29], the minimal model holography with even spin is proposed. For fixed ’t Hooft
coupling constant, the three-point function with general spin is proposed in [30]. In [31], the
more precise duality property is checked by computing the partition function. The duality in
2
the minimal model holography with orthogonal group is described in [32].
In particular, there are some overlaps with the recent work by Candu and Gaberdiel [33].
2 The N = 2 quantumWN+1 algebra: the operator prod-
uct expansion of lowest higher spin current
2.1 Review
Let us consider the hermitian symmetric space
CPN =
SU(N + 1)
SU(N)× U(1)
, (2.1)
where the structure constant of the coset is inherited from the complex structure of the
numerator and denominator groups. Let G = SU(N + 1) be an even-dimensional Lie group
and H = SU(N) × U(1) be an even-dimensional subgroup. The N should be even number.
We introduce a complex basis for the Lie algebra in which the complex structure is diagonal.
The structure constants in this basis are determined by the commutation relations of the
matrix generators of Appendix A. It is convenient to decompose the group G-indices into the
subgroup H-indices and the coset G
H
-indices explicitly. The lower case middle roman indices
m,n, p, · · ·, running from 1 to N
2
2
, refer to the Lie algebra of H while the lower case top roman
indices a, b, c, · · ·, running from N
2
2
+ 1 to 1
2
[(N + 1)2 − 1], refer to the remaining Lie algebra
generators corresponding to the coset G
H
. We shall denote by m¯, n¯, p¯, · · · and a¯, b¯, c¯, · · · the
complex conjugate indices. For odd N , we will describe the corresponding coset model in the
subsection 2.2.
The ten operator product expansions between the N = 2 SU(N + 1) WZW currents are
given in [16] where both the subgroup index structure and the remaining index structure are
manifest.
Then the stress tensor T (Z) for the supersymmetric coset model based on N = 2 CPN
model is obtained from [34]: quadratic and linear terms 1
T (Z) = −
1
(k +N + 1)
[
JaJ a¯ − f a¯m¯a¯ DK
m¯ − f a¯ma¯ DK
m
]
(Z), (2.2)
where Ja(Z), J a¯(Z) live in the coset G
H
and Km(Z), Km¯(Z) live in the subgroup H . The
positive integer k is the level of WZW currents. One obtains the standard operator product
1 The Z stands for N = 2 superspace coordinates, one real bosonic coordinate z, and pair of two conjugate
Grassman coordinates θ, θ¯: Z = (z, θ, θ¯). The complex spinor covariant derivatives are D = ∂
∂θ
− 12θ
∂
∂z
, and
D = ∂
∂θ
− 12θ
∂
∂z
.
3
expansion of N = 2 superconformal algebra,
T (Z1) T (Z2) =
1
z212
c
3
+
θ12θ¯12
z212
T (Z2)−
θ12
z12
DT (Z2) +
θ¯12
z12
DT (Z2) +
θ12θ¯12
z12
∂T (Z2), (2.3)
where the central charge is
c =
3Nk
N + k + 1
. (2.4)
The component result of (2.3) is given by the Appendix B. The superfield T (Z) has no U(1)
charge because there is no 1
z12
-term in (2.3). The coefficient of θ12θ¯12
z2
12
implies that the superspin
of T (Z) is equal to 1 or its component spins are given by (1, 3
2
, 3
2
, 2).
2.2 The CP3 coset model
Before we are going to discuss the N = 3 case, let us remind the N = 2 case where the
N = 2 W3 algebra [35, 36] is realized. The field contents are the stress tensor T (Z) (2.2) and
one higher spin current W (Z) with spins (2, 5
2
, 5
2
, 3). They can be realized by the constrained
WZW currents [37] based on the approach 3. In N = 2 superspace, the only nontrivial
nonlinear operator product expansion of this algebra is characterized by the operator product
expansion between W (Z1) and W (Z2). On the other hand, the coefficient functions on the
right hand side are completely fixed by the Jacobi identities between these two currents T (Z)
andW (Z) along the line of the approach 1 explained in the introduction. The two approaches
give the same result.
We will consider the N = 3 case, see how the algebra looks different(compared to the
N = 2 case), and present the nonlinear algebra for general N in next subsection. Let us
focus on the N = 3 case where the SU(4) generators in the complex basis are given by the
Appendix (A.1). The field contents of N = 2 W4 algebra are given by the stress tensor with
spins (1, 3
2
, 3
2
, 2) and two primary higher spin currents with spins (2, 5
2
, 5
2
, 3), and (3, 7
2
, 7
2
, 4)
[38, 39](based on the approach 1). Let us write them explicitly as follows 2:
T (Z) = T + θ DT |θ=θ¯=0 + θ¯ DT |θ=θ¯=0 + θθ¯ (−1)
1
2
[D,D]T |θ=θ¯=0,
W (Z) = W + θ DW |θ=θ¯=0 + θ¯ DW |θ=θ¯=0 + θθ¯ (−1)
1
2
[D,D]W |θ=θ¯=0,
V (Z) = V + θ DV |θ=θ¯=0 + θ¯ DV |θ=θ¯=0 + θθ¯ (−1)
1
2
[D,D]V |θ=θ¯=0. (2.5)
2As in [16], for the component fields, instead of introducing the different notations for the various fields,
we stick to use the covariant spinor derivatives to describe the three components for given one superfield. As
we specify the bosonic coordinate z on them, one can tell them from the corresponding superfield.
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The field V (Z) satisfies the defining equation for the primary field condition. The coset can be
described as CP3 by introducing the extra U(1)’s in both the numerator and the denominator
in order to have even-dimensional groups G and H as in (2.1)
CP3 =
SU(4)× U(1)
SU(3)× U(1)× U(1)
. (2.6)
In the Appendix A, we present the generators for each group factors. The corresponding
N = 2 current algebra with SU(4) group in the complex basis can be obtained by inserting
the structure constants and the metric. Then it is an immediate task to find the higher spin
currents in terms of the fundamental currents defined in the supersymmetric WZW model(in
the context of the approach 3). The stress tensor is given by (2.2). It is nontrivial to find the
extra higher spin currents in the Casimir construction that includes the higher spin generators.
There exist 16 independent fundamental WZW currents, Km(Z), Km¯(Z) and Ja(Z), J a¯(Z)
where m, m¯ = 1, 2, 3, 4, 5 and a, a¯ = 6, 7, 8. These 16 supercurrents are in fact constrained, e.g.
the components DKm(z) and −1
2
[D,D]Km(z) of the fundamental WZW supercurrent Km(Z)
are determined by the other 2 components Km(z) and DKm(z). The higher spin currents in
the Casimir construction must be constructed out of the independent fundamental currents.
One way to write down the lowest higher spin current W (Z) with spins (2, 5
2
, 5
2
, 3) is to
take into account of all the possible terms for given superspin 2 in the WZW currents. Finally,
it turns out, from the equation of (2.24) in [16], that the correct higher spin current with spins
(2, 5
2
, 5
2
, 3), takes the form 3
W (Z) =
A(k)
(−8 + 7k + 3k2)
[
(−8 + 7k + 3k2)f m¯c¯a f
n
cb¯ J
aJ b¯KmK n¯
− 2(4 + k)(−1 + 2k) f nc¯a f
m¯
cb¯ J
aJ b¯KmK n¯
+
1
2
(−56 + 6k + 9k2 + k3) JaJ bJ a¯J b¯ +
1
2
(4 + k)(−16 + 21k + 7k2) f bm¯a J
aJ b¯DKm¯
−
1
2
k(28 + 11k + k2)(f bam¯ J
aKm¯DJ b¯ − f bmaK
mDJaJ b¯)
+
1
2
(−64 + 68k + 49k2 + 7k3) f bma J
aJ b¯DKm +
1
6
k(4 + k)(7 + k) f pmnDK
mKnK p¯
− k(4 + k)2(7 + k)DJaDJ a¯ + 2(4 + k)2(−1 + 2k)DKmDKm¯
+
1
4
(−256− 112k + 48k2 + 35k3 + 5k4) (Ja∂J a¯ − ∂JaJ a¯)
− (4 + k)2(−1 + 2k)Km∂Km¯ −
1
12
(192 + 160k + 24k2 + 3k3 + k4) ∂KmKm¯
−
1
4
k(4 + k)2(7 + k)(Ja[D,D]J a¯ + [D,D]JaJ a¯)
3All the composite fields are normal ordered from right to left, along the line of [6, 7].
5
+ (4 + k)2(−1 + 2k)Km[D,D]Km¯ −
1
12
(4 + k)2(12− 17k + k2) [D,D]KmKm¯
− 2(4 + k)2(−1 + 2k)DKmDKm¯ +
1
6
(4 + k)2(6− 5k + k2) f n¯mn¯ ∂DK
m
+ (4 + k)2(−1 + 2k) f n¯m¯n¯ ∂DK
m¯ −
1
3
(−8 + k)(4 + k)2 f a¯m¯a¯ f
b¯
nb¯ DK
m¯DKn
+ (−3 + k)(4 + k)2(f b¯m¯b¯ J
aJ a¯DKm¯ + f b¯mb¯ J
aJ a¯DKm)
+
1
6
(4 + k)2(7 + k)(f a¯m¯a¯ f
b¯
n¯b¯ DK
m¯DK n¯ + f a¯ma¯ f
b¯
nb¯ DK
mDKn)
+
1
2
k(4 + k)2(7 + k) f am¯a ∂DK
m¯
]
(Z), (2.7)
where the overall constant is fixed as
A(k)2 =
3 (−8 + 7k + 3k2)
2
4(−1 + k)(2 + k)(4 + k)6(7 + k)(−1 + 2k)
= −
(−9 + c)6 (−54 + 33c+ c2)
2
1088391168(−21 + c)(−1 + c)(9 + c)(−9 + 5c)
. (2.8)
We will see how we obtain this result in a moment. The central charge, from (2.4), is
cN=3 =
9k
k + 4
. (2.9)
The superfield W (Z) consists of quartic, cubic, quadratic and linear terms. One realizes that
the factor (4+ k) in (2.7) reflects the more general N -dependent factor (N + k+1). We have
seen the factor (3+ k) in the CP2 coset model and the factor (5+ k) in the CP4 coset model
[16]. If one considers the higher spin currents with spins (2, 5
2
, 5
2
, 3) for the CPN coset model,
then the factor (N + k + 1) should arise in various places for the composite fields.
The two conditions we use above, in order to determine the various undetermined coeffi-
cients in (2.24) of [16], are the regularity condition
Km(Z1) W (Z2) = 0, K
m¯(Z1) W (Z2) = 0, (2.10)
and the primary field condition
T (Z1) W (Z2) =
θ12θ¯12
z212
2W (Z2)−
θ12
z12
DW (Z2) +
θ¯12
z12
DW (Z2) +
θ12θ¯12
z12
∂W (Z2). (2.11)
The component results for (2.11) are given by the Appendix B. Notice that W (Z) is un-
charged. All the c-dependent(or k-dependent) coefficient functions are completely fixed by
these two conditions except the overall constant A(k).
Now we are ready to compute the operator product expansion W (Z1)W (Z2) from the
realization of (2.7). We will use the component approach by starting with the operator
product expansion between the lower spin components of W (Z).
6
2.2.1 The operator product expansion W (z) W (w)
Let us compute the spin-2 spin-2 operator product expansion W (Z1) W (Z2) explicitly. As
explained in [16], due to the limitation of N = 2 package [40], one resorts to the original
package [41]. From the components (2.5), first of all, one can start with the operator product
expansion W (z) W (w): the first component of W (Z1) and the first component of W (Z2).
The first component of W (Z) is obtained by taking θ, θ¯ in (2.7) to zero.
• 1
(z−w)4 -term
Let us consider the operator product expansion of W (z) W (w) for the highest singular
term 1
(z−w)4 . It turns out, by taking the explicit operator product expansion between these
two fields, that one obtains 6(−1+k)k(2+k)(4+k)
5(7+k)(−1+2k)
(−8+7k+3k2)2 A(k)
2. Normalizing it to be c
2
where
the central charge c is given by (2.9), one sees the normalization factor (2.8).
• 1
(z−w)3 -term
Let us move on the next singular term 1
(z−w)3 . Such a term is not allowed by the symmetry
of the operator product expansion W (z) W (w). Suppose that there is such a singular term.
After reversing the arguments z and w and expanding around w, the same term will appear
with an opposite sign. This implies that it is identically zero.
• 1
(z−w)2 -term
The next singular term 1
(z−w)2 contains many different combinations of spin-2 fields in
terms of WZW currents. The possible spin-2 fields(some of them are primary and others are
not primary) as W (w), [D,D]T (w), T 2(w) and ∂T (w). However, the last one is not allowed
because it is a descendant of T (w) and the latter did not appear in the more singular terms.
Then it is straightforward to rewrite this singular term in terms of above three spin-2 fields
by introducing three undetermined coefficients which depend on the level k. The easiest way
to determine the relative coefficients is to compute the singular term using the representation
(2.7) and equate the result to the ansatz above. Then the unknown three coefficients are
completely fixed. In particular, the coefficient of W (w) turns out to be 4(−3+k)(1+k)(4+k)
3
−8+7k+3k2 A(k)
by explicit computations. In our notation, this is equal to 2α and with (2.8), one gets the
self-coupling constant, the coefficient function appearing in the W (w) term of the right hand
side in the W (z) W (w),
α2N=3 =
3(−3 + k)2(1 + k)2
(−1 + k)(2 + k)(7 + k)(−1 + 2k)
= −
(27− 7c)2(3 + c)2
2(−21 + c)(−1 + c)(9 + c)(−9 + 5c)
, (2.12)
where the level k is replaced by the central charge c (2.9) in the last expression. We will
see that this self-coupling constant is consistent with the general expression with arbitrary N
that can be obtained from the Jacobi identity [33].
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• 1
(z−w)-term
Let us describe the final lowest singular term 1
(z−w) . The possible spin-3 terms are char-
acterized by
T 3(w), TW (w), V (w), [D,D]W (w), T [D,D]T (w),
DTDT (w), ∂2T (w), ∂W (w), ∂[D,D]T (w), and ∂TT (w). (2.13)
For the first six independent terms, due to the symmetry described in the 1
(z−w)3 term, we do
not see them in this singular term, and we do not see the ∂2T (w)-term because there is no
T (w)-term in the right hand side as above. Then, we are left with the last three independent
terms. They are exactly the corresponding descendant terms for the spin-2 fields W (w),
[D,D]T (w), and TT (w). It turns out, by explicit computations, that all the coefficients
are given by the half of the coefficients given in the singular term 1
(z−w)2 . Also note that
∂T 2(w) = 2∂TT (w) = 2T∂T (w) with the operator product expansion T (z) T (w) in the
Appendix B. The relative coefficient 1
2
behavior is a consequence of conformal invariance
[42, 1].
Therefore, the operator product expansion W (z)W (w) is summarized in (C.1). Basically,
this is the same as the one in N = 2 case [16]. Of course, the central charge and the self-
coupling constant in this case are different and given by (2.9) and (2.12).
2.2.2 The operator product expansion W (z) DW (w)
Now let us consider the other operator product expansion. In order to compute the spin-
2 spin-5
2
operator product expansion W (z) DW (w), one should know the explicit form for
the primary spin-5
2
field DW (w). This can be read off from the operator product expansion
DT (z) W (w) given in (B.2). By looking at the singular term 1
(z−w) , it turns out the spin-
5
2
field DW (w) consists of 189 WZW currents which will not be written down here.
For given DW (w)(or one can obtain this in closed form by acting D on the field W (Z)
(2.7) and putting θ, θ¯ to zero), by explicit computation of W (z) DW (w), one can easily
identify the highest singular term 1
(z−w)3 with −3DT (w). The second order singular term can
contain all spin-5
2
fields, DW (w), ∂DT (w), TDT (w) and its conjugate fields. Because DW
has charge −1, only the first three spin-5
2
fields appear on the right hand side. As before, we
can write down an ansatz for this singular term in terms of these spin-5
2
fields and solve it by
comparing with the singular term computed with the GKO approach. The final first-order
singular term can be written in terms of following spin-7
2
fields:
∂DW (w), ∂2DT (w), TDW (w), TTDT (w), DTW (w),
DT [D,D]T (w), ∂DTT (w), ∂TDT (w) and DV (w). (2.14)
8
Compared to the N = 2 case, there exists an extra term DV (w) which is the third component
of superfield V (Z2) with spins (3,
7
2
, 7
2
, 4) (2.5). We will come to this issue after the discussion of
next operator product expansion where one realizes the presence of V (w), the first component
of V (Z2). Therefore, the remaining nonzero terms after subtracting the eight terms with
correct coefficient functions in this singular term are really the third component of primary
superfield V (Z2). The final result is summarized by (C.2).
2.2.3 The operator product expansion W (z) DW (w)
Similarly, one can analyze the spin-2 spin-5
2
operator product expansion W (z) DW (w). The
explicit form for DW (w) can be obtained from the operator product expansion DT (z) W (w)
in (B.2) or by acting D on the W (Z) and putting θ, θ¯ to zero. Since we know the form for
DW (w) explicitly, one can compute the operator product expansion. In this case, the spin-7
2
field DV (w) arises at the lowest singular term as well as the conjugated fields of (2.14). This
is also presented in (C.2) with explicit coefficient functions.
2.2.4 The operator product expansion W (z) (−1)1
2
[D,D]W (w)
Now let us find out the explicit form for the spin-3 field −1
2
[D,D]W (z) in order to compute
the spin-2 spin-3 operator product expansion W (z) (−1)1
2
[D,D]W (w). From the operator
product expansion DT (z) DW (w) in (B.2), one can read off this primary spin-3 field. The
singular term 1
(z−w) contains this spin-3 field as well as
1
2
∂W (w). Then it is easy to obtain
the spin-3 field which consists of 1065 independent WZW currents(Also one can obtain this
field from the superfield W (Z) (2.7) with the derivatives D and D).
Let us consider the operator product expansion W (z) (−1)1
2
[D,D]W (w). See also the
Appendix (C.3). The fourth-order singular term has primary spin-1 field T (w) and the coef-
ficient is given by 3. There is no third-order singular term. The second-order singular term
contains the spin-3 fields. Among 10 possible terms we described before in (2.13), there are
no ∂TT (w) and ∂W (w). This is consistent with the fact that the spin-2 fields T 2(w) and
W (w) do not occur in the third-order singular term. After collecting 7-independent terms
with appropriate coefficient functions, we are left with a nonzero spin-3 field which is denoted
by 3V (w) where
V (w) =
24(−1 + 2k)(11 + 2k) (32− 12k − 11k2 + 6k3)
(−1 + k)(2 + k)(4 + k)3(−4 + 5k)(8 + 5k)(−16 + 11k)
J6J7J8J 6¯J 7¯J 8¯(w)
+
9(−1 + 2k)
(−1 + k)(2 + k)(4 + k)4(7 + k)
[
K2K3K4K 2¯K 3¯K 4¯ −K1K2K4K 1¯K 2¯K 4¯
]
(w)
+ other 1282 terms, (2.15)
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where the abbreviated terms contain fifth-order, fourth-order, · · ·, second-order and first-order
terms in constrained WZW currents. Of course, it would be interesting to write down (2.15)
using the group theory structure constants as in (2.7) 4. The overall scale factor of spin-3
field can be fixed after computing the operator product expansion V (z)V (w) which will not
be done in this paper. For the first-order singular term, one should consider the possible
spin-4 fields. One expects that the descendant fields for the above eight spin-3 fields(i.e., the
derivative terms) appear. Moreover, the two fields DTDW (w) and DTDW (w) also occur.
Since the spin-3 field V (w) is found, one can compute the operator product expansion
DT (z) V (w) and the first-order singular term should be equal to −DV (w) from the primary
field condition in (B.2). One checks that the first-order singular term coincides with the
remaining terms described in the first-order singular term of the operator product expansion
W (z) DW (w) as above. This confirms that we have the correct normalization of components
relative to each other. Similarly, the operator product expansion DT (z) V (w) provides the
correct expression for DV (w).
2.2.5 The operator product expansion DW (z) DW (w)
What about the spin-4 field (−1)1
2
[D,D]V (z)? One can compute the covariant derivatives
of a superfield only if one knows all of its components. Or it can be determined as in the
previous analysis for (−1)1
2
[D,D]W (z). From the operator product expansion DT (z) DV (w)
in (B.2), one can read off this primary spin-4 field. The singular term 1
(z−w) contains this
spin-4 field as well as 1
2
∂V (w). This spin-4 field occurs in the operator product expansion
DW (z) DW (w). For example, the second component of W (Z1) and the third component of
W (Z2). The relevant singular term is given by the first-order singular term. One can exhaust
all the possible uncharged spin-4 fields as follows:
∂2W (w), ∂2[D,D]T (w), T [D,D]W (w), TT [D,D]T (w), TDTDT (w),
DTDW (w), DTDW (w), ∂DTDT (w), ∂DTDT (w), [D,D]TW (w),
[D,D]T [D,D]T (w), ∂T∂T (w), ∂2TT (w), [D,D]V (w), ∂[D,D]W (w),
∂3T (w), ∂TW (w), T∂W (w), ∂[D,D]TT (w), ∂T [D,D]T (w),
∂TTT (w), ∂V (w), T 4(w), TTW (w), TV (w), W 2(w). (2.16)
4 From the expressions (2.2), and (2.7), one can write down the above spin-3 fields (2.13) except V (w) itself
in terms of the structure constants and WZW currents. Now we introduce the arbitrary coefficients inside
of each spin-3 field. Then one can check whether the known spin-3 field (2.15) can be written in terms of
the combinations of spin-3 fields in (2.13) or not. In other words, are the undetermined coefficients uniquely
fixed? Eventhough there will be extra terms, it will not be so difficult to write them using the summation
index structure.
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Among these 26-terms (2.16), it turns out that the coefficients for the last five terms are
vanishing 5. It is rather complicated to fix all the coefficients explicitly using the GKO repre-
sentation and make sure that the remaining terms after subtracting everybody besides [D,D]V
can be interpreted as the CP4 coset field of spin-4. In other words, this new field is primary
field of spin 4 under the stress tensor. Moreover, the fact that this is coset field implies that
one should have the regularity conditions Km(z) [D,D]V (w) = 0, DKm(z) [D,D]V (w) = 0,
Km¯(z) [D,D]V (w) = 0, and DKm¯(z) [D,D]V (w) = 0. We have checked these identities
explicitly.
So far, we have checked the following operator product expansions,
W (z)W (w), W (z)DW (w), W (z)DW (w), W (z)(−1)
1
2
[D,D]W (w), DW (z)DW (w).(2.17)
One can proceed further with the remaining operator product expansions. However, it is
rather complicated procedure to check all the nontrivial operator product expansions. Instead,
by resorting to N = 2 supersymmetry, one can reexpress without any ambiguity the above
operator product expansions (2.17) using N = 2 superspace formalism. Now one can write
one single operator product expansion W (Z1) W (Z2) explicitly which will be presented in
next subsection. Then the unchecked operator product expansions can be read off from this
and they will appear in the Appendix C completely.
In summary, one concludes, compared to the N = 2 case [37, 43], that the operator product
expansion of the lowest higher spin current with spins (2, 5
2
, 5
2
, 3) in N = 2 KS coset model on
CP3 (2.6) has the next higher spin current with spins (3, 7
2
, 7
2
, 4) (2.15). One can rewrite all
the structure constants in terms of c and the self-coupling constant (2.12). All dependence on
N is contained in these two parameters, provided the higher spin field (3, 7
2
, 7
2
, 4) is normalized
as in equation (2.18).
2.3 The CPN coset model
So far, we have considered the N = 2 case in [37], the N = 3 case in this paper, and the
N = 4 case in [16]. As we increase the N(> 4), we expect to have the similar features.
1) The self-coupling constant, that appears in the W (w)-dependent terms, changes ac-
cording to N but its expression is known for general N [38],
5 In the package [41], sometimes it takes too much time to compute the first-order pole terms
by using simply the command “OPESimplify[OPEPole[1][ope],Factor]”. Instead, one defines result ≡
OPEPole[1][ope]; and L ≡ GetOperators[result]; and then computes “Sum[Simplify[Coefficients[result, L[[i]]]]∗
L[[i]], {i, 1,Length[L]}]”. In other words, one gets the raw expression by “result”, gets the independent terms
by L, simplifies the coefficient functions appearing in the list of L, and then sums over the product between
the independent fields and the coefficient functions. This leads to the final fist-order pole terms with simplified
coefficient functions.
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2) the higher spin currents, whose normalization should be fixed, occur and
3) the c-dependent coefficient functions in terms of c, that appear in W (w)-independent
and -dependent terms in the right hand side, do not change. Of course, the central charge
itself depends on N .
For example, for N = 4 the self-coupling constant is known and one could take the same
c-dependent coefficient functions as in the N = 3 case.
What about the presence of an extra higher spin current? If we denote the higher spin
current X(Z) with spins (4, 9
2
, 9
2
, 5) which is one of the field contents in N = 2 W5 algebra,
by dimensional analysis, the spin-4 field X(Z2) can appear in the singular term
θ12θ¯12
z12
but it
seems that this is not the case. Actually, this is direct consequence of the Jacobi identities
[33]. Eventually, this higher spin current will appear in other operator product expansions
between the higher spin currents whose spins are greater than the spin of lowest higher spin
current.
The final operator product expansion of the superspin 2 current and itself which is the
main result of this paper, from the component results of (2.17), can be written as
W (Z1) W (Z2) =
1
z412
c
2
+
θ12θ¯12
z412
3T (Z2) +
θ¯12
z312
3DT (Z2)−
θ12
z312
3DT (Z2) +
θ12θ¯12
z312
3∂T (Z2)
+
1
z212
[
2αW −
c
(−1 + c)
[D,D]T −
3
(−1 + c)
T 2
]
(Z2)
+
θ¯12
z212
[
αDW +
(−3 + 2c)
(−1 + c)
∂DT −
3
(−1 + c)
TDT
]
(Z2)
+
θ12
z212
[
αDW −
(−3 + 2c)
(−1 + c)
∂DT −
3
(−1 + c)
TDT
]
(Z2)
+
θ12θ¯12
z212
[
−
3(−8 + c)
2(−12 + 5c)
α [D,D]W −
9c(−12 + 5c)
4(−1 + c)(6 + c)(−3 + 2c)
∂[D,D]T
+
3(18− 15c+ 2c2 + 2c3)
2(−1 + c)(6 + c)(−3 + 2c)
∂2T + 3V +
42
(−12 + 5c)
αTW
−
3(36− 9c+ 8c2)
2(−1 + c)(6 + c)(−3 + 2c)
T [D,D]T −
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
T 3
−
9c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
DTDT
]
(Z2)
+
1
z12
[
α ∂W −
c
2(−1 + c)
∂[D,D]T −
3
(−1 + c)
∂TT
]
(Z2)
+
θ¯12
z12
[
3(−6 + c)(−1 + c)
(3 + c)(−12 + 5c)
α ∂DW +
3c(9 + 3c+ 2c2)
4(−1 + c)(6 + c)(−3 + 2c)
∂2DT +DV
−
6(−15 + c)
(3 + c)(−12 + 5c)
αTDW −
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
TTDT
12
+
54(−1 + c)
(3 + c)(−12 + 5c)
αDTW −
27c
2(6 + c)(−3 + 2c)
DT [D,D]T
−
3(−18 + 24c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂DTT −
9(−6 + c)
2(6 + c)(−3 + 2c)
∂TDT
]
(Z2)
+
θ12
z12
[
3(−6 + c)(−1 + c)
(3 + c)(−12 + 5c)
α ∂DW −
3c(9− 3c+ c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂2DT −DV
+
6(−15 + c)
(3 + c)(−12 + 5c)
αTDW +
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
TTDT
+
27c
2(6 + c)(−3 + 2c)
[D,D]TDT −
54(−1 + c)
(3 + c)(−12 + 5c)
αDTW
−
3(−18 + 24c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂DTT −
9(−6 + c)
2(6 + c)(−3 + 2c)
∂TDT
]
(Z2)
+
θ12θ¯12
z12
[
−
(−15 + c)c
(3 + c)(−12 + 5c)
α ∂[D,D]W +
(−18− 3c− 2c2 + 2c3)
2(−1 + c)(6 + c)(−3 + 2c)
∂3T + 2∂V
+
18(6 + c)
(3 + c)(−12 + 5c)
αT∂W +
12(3 + 4c)
(3 + c)(−12 + 5c)
α ∂TW
+
6
(3 + c)
αDTDW −
6c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
∂DTDT
−
6(9− 3c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂[D,D]TT +
6
(3 + c)
αDTDW
+
6c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
∂DTDT −
3c(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂T [D,D]T
−
18(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂TTT
]
(Z2) + · · · . (2.18)
Here 6 the central charge and self-coupling constant are given by
c =
3Nk
N + k + 1
, (2.19)
α2 =
3(1 + k)2(k −N)2(1 +N)2
(−1 + k)(−1 +N)(1 + 2k +N)(1 + k + 2N)(−1 −N + k(−1 + 3N))
=
(3 + c)2 (c+ 2cN − 3N2)
2
(−1 + c)(3− c + 6N)(−1 +N)(c + 3N)(−3N + c(2 +N))
. (2.20)
The N - and k-dependences in the right hand side occur through these two values. The
full quantum operator product expansion is characterized by two free parameters, the central
6The coupling constant c22,3 in front of V (Z2) in (2.18) was found in [33]. From the equations (2.18), (2.19),
(2.20) and (3.30) in [33], one can write down the square of this coupling constant as c222,3 =
3(3+c)(−12+5c)
(6+c)(−3+2c) +
6(−15+c)(−1+c)α2
(3+c)(−12+5c) with (2.20). This implies that the correct normalization for this field should be Vˆ (Z2) with
c22,3Vˆ (Z2) = 3V (Z2). We thank the referee for pointing out this.
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charge and the self-coupling constant. For N = 2 case, one easily sees that the above operator
product expansion leads to the previous results in [35] by putting the spin-3 field V (w)(and
its descendant fields) and spin-5
2
fields DV (w) and DV (w) to vanish. For fixed N , the
central charge and the self-coupling constant depend on only the level k. For N = 3 case,
as we explained before, the general expression for (2.18) reduces to the findings in previous
subsection. One also sees that α becomes the one in (2.12) when N = 3. In the θ12θ¯12
z12
-singular
term, we do not see the possible terms with spins (4, 9
2
, 9
2
, 5) like as T 4(Z2), TTW (Z2),W
2(Z2)
or TV (Z2)
7.
Note that the 29 nonlinear terms in (2.18) which appear in the last entries of each singular
term are the new we observe and the remaining 26 linear terms are found in [16]. We present
the 16 component operator product expansions in the Appendix C.
In order to compare the bulk theory computations, one should also consider the higher
spin currents in non-primary basis. By subtracting(or excising) the spin-1 current, one can
construct the following spin-2 current [35] by adding the quadratic piece in T (z):
−
1
2
˜[D,D]T (z) = −1
2
[D,D]T (z)−
3
2c
T 2(z). (2.21)
The corresponding central charge is given by (c − 1) and the operator product expansion
satisfies
(−1)
1
2
˜[D,D]T (z) (−1)1
2
˜[D,D]T (w) = 1
(z − w)4
(−1 + c)
2
+
1
(z − w)2
2(−1)
1
2
˜[D,D]T (w)
+
1
(z − w)
(−1)
1
2
∂
˜[D,D]T (w) + · · · , (2.22)
corresponding to (3.21a) of [13]. Then there are no any singular terms with spin-1 current
(−1)
1
2
˜[D,D]T (z) T (w) = 0. (2.23)
This corresponds to (3.21b) of [13]. This comes from the coefficient 3
2c
in the second term of
(2.21). Furthermore, the previous spin-3
2
currents in primary basis are not primary fields, due
to the extra term in (2.21), but the corresponding operator product expansions contain the
nonlinear terms
(−1)
1
2
˜[D,D]T (z) (DT ±DT )(w) = 1
(z − w)2
[
3
2
−
3
2c
] [
DT ±DT
]
(w)
7 We have noticed this fact in previous section in the context of component results. These terms appear in
the different singular term of the operator product expansion ofW (Z1) TW (Z2). This implies that one should
modify the fourth component of the higher spin current with spins (2, 52 ,
5
2 , 3) by adding the first component
of the higher spin current TW (Z) with spins (3, 72 ,
7
2 , 4). We will see this feature in detail soon. Moreover,
the possible 10 terms, among (2.16), with same spins, coming from T (Z2) and W (Z2) with the appropriate
derivatives, are not present in the term θ12θ¯12
z12
of (2.18).
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+
1
(z − w)
[
∂(DT ±DT )−
3
c
T (DT ∓DT )
]
(w) + · · · . (2.24)
Even in the c → ∞ limit, the nonlinear terms 3
c
T (DT ∓DT ) arise while c-dependent linear
term vanishes [44, 45] where the only c-independent factor can survive in the linear field term
and the 1
c
-dependent factor can survive in the quadratic field term. Strictly speaking, the
currents DT (w) and DT (w) are not primary fields of spin 3
2
under the stress energy tensor
(2.21) even at the linear order for the finite c. They become primary fields c → ∞ limit at
the linear order. One realizes that the corresponding bulk expressions are given by (3.21d)
and (3.21e) of [13]. One also checks the other relations from the operator product expansions
(B.1). In particular, as soon as the spin-2 term [D,D]T (w) in the right hand side of the
operator product expansion appears, one should rewrite it using the relation (2.21). This
implies that the operator product expansions in the spin-3
2
and spin-3
2
contain the nonlinear
term T 2(w) as in (3.21h) and (3.21j) of [13] 8. Therefore, the four component fields T (z),
DT (z), DT (z), and −1
2
˜[D,D]T (z) of N = 2 superconformal algebra, with an appropriate
classical limit, coincide with those quantities in the bulk theory [13]. Their operator product
expansions with stress energy tensor are given by (2.22), (2.23), and (2.24).
What about the higher spin currents? Due to this modification of stress energy tensor,
one should also add the extra term in the spin-3 current, in order to preserve the primary
field condition, as follows:
−
1
2
˜[D,D]W (z) = −1
2
[D,D]W (z)−
6
c
TW (z). (2.25)
One can easily check the standard primary field condition with spin 3,
(−1)
1
2
˜[D,D]T (z) (−1)1
2
˜[D,D]W (w) = 1
(z − w)2
3(−1)
1
2
˜[D,D]W (w)
+
1
(z − w)
(−1)
1
2
∂
˜[D,D]W (w) + · · · , (2.26)
corresponding to (3.26a) of [13]. For the spin-2 current W (w), the primary field condition
does not change because the extra term T 2(z) in (2.21) does not produce any extra singular
structure, i.e., T (z) W (w) = 0,
(−1)
1
2
˜[D,D]T (z) W (w) = 1
(z − w)2
2W (w) +
1
(z − w)
∂W (w) + · · · . (2.27)
8For the (3.21c) of [13], one has T (z) T (w) of the Appendix C. For the (3.21f) and (3.21g) of [13], one
has T (z) (DT ∓DT )(w) which gives (DT ±DT )(w) in the right hand side of the operator product expansion.
For (3.21i) of [13], one has (DT −DT )(z) (DT +DT )(w) of the Appendix C.
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For the spin-5
2
currents, one sees the similar behavior as in (2.24)
(−1)
1
2
˜[D,D]T (z) (DW ±DW )(w) = 1
(z − w)2
[
5
2
−
3
2c
] [
DW ±DW
]
(w)
+
1
(z − w)
[
∂(DW ±DW )−
3
c
T (DW ∓DW )
]
(w) + · · · . (2.28)
In this case, the nonlinear terms are 3
c
T (DW ∓ DW ) which do not vanish in the c → ∞
limit. This corresponds to the equation (3.26b) of [13]. As before, these spin-5
2
fields are
not primary field. One can easily see that there is no singular term in the operator product
expansion between T (z) and the field (2.25) which corresponds to (3.26c) of [13]. For the
operator product expansions between (DT ±DT )(z) with the current (2.25) in the Appendix
B, one has the nonlinear terms from the equations((3.26f) and (3.26j)). Similarly, from the
operator product expansions between (DW ±DW ) and (DT ±DT ) in the Appendix B, the
nonlinear terms in the right hand side are the same as the ones((3.26h) and (3.26m)) in [13]
9. Therefore, the four component fields W (z), DW (z), DW (z), and −1
2
˜[D,D]W (z) of N = 2
lowest higher spin current coincide with those quantities in the bulk theory [13] after the
c → ∞. Their operator product expansions with stress energy tensor are given by (2.26),
(2.27), and (2.28).
For the comparison with the classical asymptotic symmetry algebra in the bulk theory, one
should consider the modified two quantities (2.21) and (2.25). In other words, the old quanti-
ties for the spin-2 and spin-3 currents have the extra terms. Then one expects that the compos-
ite operators containing the fields T 2(z) and TW (z) and the various derivative terms(coming
from the normal ordering procedure) occur in the right hand side. In N = 2 superspace,
one should also consider the operator product expansions T (Z1) TW (Z2), T
2(Z1) TW (Z2),
T 2(Z1)W (Z2), and W (Z1) TW (Z2). We will come to this issue in next sections.
3 The large (N, k) ’t Hooft limit of N = 2 quantumWN+1
algebra
The large (N, k) limit with fixed ’t Hooft coupling constant is characterized by [8]
c(N, k) =
3Nk
N + k + 1
−→ 3(1− λ)N, λ ≡
N
N + k
. (3.1)
9For the linear terms, the relations (3.26d) and (3.26e) in [13] correspond to the operator product ex-
pansions T (z) (DW ± DW )(w) in the Appendix B. The equations (3.26g) and (3.26i) correspond to the
operator product expansions (DT − DT )(z) W (w) and (DT − DT )(z) (DW + DW )(w). Furthermore,
the equations (3.26k) and (3.26l) correspond to the operator product expansions (DT +DT )(z) W (w) and
(DT +DT )(z) (DW −DW )(w) in the Appendix B.
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For this limit, the self coupling constant behaves as follows [16]:
α(N, k)2 −→ −
(−1 + 2λ)2
(−2 + λ)(1 + λ)
. (3.2)
One can think of other limit [9] where for fixed N , one takes the large c limit. Then, from
the finite (N, c) expression for the self-coupling constant (2.20), one obtains α(N, k)2 →
− (2N+1)
2
(N−1)(N+2) .
Then it is easy to see that under the large (N, k) limit the operator product expansion
(2.18) becomes the following classical limit
W (Z1)W (Z2) =
1
z412
c
2
+
θ12θ¯12
z412
3T (Z2) +
θ¯12
z312
3DT (Z2)
−
θ12
z312
3DT (Z2) +
θ12θ¯12
z312
3∂T (Z2) +
1
z212
[
2αW − [D,D]T −
3
c
T 2
]
(Z2)
+
θ¯12
z212
[
αDW + 2 ∂DT −
3
c
TDT
]
(Z2) +
θ12
z212
[
αDW − 2 ∂DT −
3
c
TDT
]
(Z2)
+
θ12θ¯12
z212
[
−
3
10
α [D,D]W +
3
2
∂2T + 3V +
42
5c
α TW −
6
c
T [D,D]T
−
18
c2
T 3 −
45
2c
DTDT
]
(Z2) +
1
z12
[
α ∂W −
1
2
∂[D,D]T −
3
c
∂TT
]
(Z2)
+
θ¯12
z12
[
3
5
α ∂DW +
3
4
∂2DT +DV −
6
5c
α TDW −
18
c2
TTDT +
54
5c
αDTW
−
27
4c
DT [D,D]T −
3
2c
∂DTT −
9
4c
∂TDT
]
(Z2)
+
θ12
z12
[
3
5
α ∂DW −
3
4
∂2DT −DV +
6
5c
α TDW +
18
c2
TTDT
+
27
4c
[D,D]TDT −
54
5c
αDTW −
3
2c
∂DTT −
9
4c
∂TDT
]
(Z2)
+
θ12θ¯12
z12
[
−
1
5
α ∂[D,D]W +
1
2
∂3T + 2∂V +
18
5c
α T∂W +
48
5c
α ∂TW
+
6
c
αDTDW −
15
c
∂DTDT −
3
c
∂[D,D]TT +
6
c
αDTDW
+
15
c
∂DTDT −
6
c
∂T [D,D]T −
36
c2
∂TTT
]
(Z2) + · · · . (3.3)
The term ∂[D,D]T (w) in the θ12θ¯12
z2
12
term goes away [44, 45, 46]. See also the previous work
[45] for the reduction of classical algebra from the quantum algebra where the precise limiting
procedure is given. It is known that there exists an N = 2 supersymmetric version of classical
W3 algebra in N = 2 superspace [47] corresponding to the component approach [48].
One sees the relative coefficients appearing in θ12
z12
term, 27
4c
, 3
2c
, and 9
4c
are consistent with
those in [47] where the corresponding coefficients are given by 36
cIK
, 8
cIK
, and 12
cIK
in spin-7
2
field.
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One can find that the relative coefficients 6
5c
and 54
5c
correspond to the values 8
cIK
and 72
cIK
. We
do not have to worry about the ordering between the fields in the classical expression. For ex-
ample, DTW (Z2) in the above singular term is the same as WDT (Z2). One can interchange
any fields in the classical algebra (3.3). For the fermionic fields, there exists minus sign between
the interchanging of any two fermionic fields. For example, DTDT (Z2) = −DTDT (Z2). In
the package [41], this can be done by using “SetOPEOptions[OPEMethod, ClassicalOPEs]”.
Moreover, the relative coefficients appearing in θ12θ¯12
z2
12
term, 6
c
, and 45
2c
correspond to the coef-
ficients 32
cIK
, and 120
cIK
in spin-3 field.
Of course, the component approach results are read off from the Appendix C with an
appropriate limit for the central charge. One can easily check that the above result (3.3)
contains the operator product expansion [47] with an appropriate normalization.
4 The N = 2 classical Wcl∞[λ] algebra in the bulk theory
In this section, we would like to see the operator product expansions appearing in the asymp-
totic symmetry of the higher spin AdS3 supergravity theory from our findings in section 2.
In the Appendix C, we have our component operator product expansions completely. As
we observed, the spin-3 field is modified via (2.25). Then from primary basis to nonprimary
basis, one should recompute the operator product expansions containing this spin-3 field.
Furthermore, one should change the old fields appearing in the right hand side into the new
fields, with the defining equations (2.21) and (2.25).
Let us consider the three operator product expansions containing the spin-2 current. Other
remaining operator product expansions will be given in the Appendix D.
In this section, we take the large (N, k) ’t Hooft limit with (3.1) and (3.2) on the algebra
we have found in previous section or in the Appendix C.
4.1 The operator product expansion W (z) W (w)
For example, the spin-2 and spin-2 operator product expansion can be written as
W (z) W (w) =
1
(z − w)4
c
2
+
1
(z − w)2
[
2αW −
c
(−1 + c)
˜[D,D]T] (w)
+
1
(z − w)
[
α ∂W −
c
2(−1 + c)
∂
˜[D,D]T] (w) + · · · (4.1)
−→
1
(z − w)4
c
2
+
1
(z − w)2
[
2αW − ˜[D,D]T] (w)
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+
1
(z − w)
[
α ∂W −
1
2
∂
˜[D,D]T] (w) + · · · , (4.2)
where the old stress energy tensor is replaced by the new stress energy tensor (2.21). In the
classical c→∞ limit, one finds the coincidence with the equation (3.27) of [13]. Note that the
central charge c depends on (N, k) and the self-coupling constant α depends on (N, k) also.
At the quantum level, one should use (4.1) rather than (4.2). The difference between (4.1)
and (4.2) is the fact that the two parameters c and α are replaced by their limiting values
(3.1) and (3.2) respectively. The field contents do not change. In general, one expects that
there exist some fields in the quantum operator product expansion which will disappear in the
classical limit. Note that the relative coefficient 1
2
between the second-order and first-order
singular terms(i.e., the latter can be written as 1
2
times the total derivative of the former) is
well-known numerical factor which can be observed from the conformal invariance.
4.2 The operator product expansion W (z) (DW ±DW )(w)
Let us consider the spin-2 and spin-5
2
operator product expansions. Again, from the operator
product expansion (C.2), one obtains
W (z) (DW ±DW )(w) =
1
(z − w)3
3
[
DT ∓DT
]
(w)
+
1
(z − w)2
[
α (DW ±DW ) +
c
(−1 + c)
∂(DT ∓DT )−
3
(−1 + c)
T (DT ±DT )
]
(w)
+
1
(z − w)
[
(DV ∓DV ) +
2(−27 + 12c+ c2)
(3 + c)(−12 + 5c)
α ∂(DW ±DW )
∓
(−3 + c)(3 + c)(−9 + 2c)
4(−1 + c)(6 + c)(−3 + 2c)
∂2DT −
6(−15 + c)
(3 + c)(−12 + 5c)
α T (DW ∓DW )
+
9(−15 + c)
2(−1 + c)(6 + c)(−3 + 2c)
TT (DT ∓DT ) +
54(−1 + c)
(3 + c)(−12 + 5c)
α (DT ∓DT )W
−
27c
2(6 + c)(−3 + 2c)
( ˜[D,D]TDT ∓DT ˜[D,D]T ) + (−15 + c)(−3 + c)c
2(−1 + c)(6 + c)(−3 + 2c)
∂2DT
−
3(−15 + c)c
(−1 + c)(6 + c)(−3 + 2c)
(∂DTT +
1
2
∂TDT )
∓
3(−54 + 39c+ c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂TDT ∓
3(−27 + 12c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂DTT
]
(w) + · · ·
−→
1
(z − w)3
3
[
DT ∓DT
]
(w)
+
1
(z − w)2
[
α (DW ±DW ) + ∂(DT ∓DT )−
3
c
T (DT ±DT )
]
(w)
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+
1
(z − w)
[
(DV ∓DV ) +
2
5
α ∂(DW ±DW )−
6
5c
α T (DW ∓DW )
−
9
4c2
TT (DT ∓DT ) +
54
5c
α (DT ∓DT )W −
27
4c
˜[D,D]T (DT ∓DT )
+
1
4
∂2(DT ∓DT )−
3
2c
(∂DT ± ∂DT )T −
3
4c
∂T (DT ±DT )
]
(w) + · · · . (4.3)
The 14 nonlinear terms in the classical expression are exactly the same as the ones in [13].
They are denoted by BF 5
2
, 5
2
and BF 5
2
,3 respectively. The ordering in the composite operators
is important at the quantum level. This will give rise to the different coefficient function in the
derivative terms. For example, (DT ∓DT )W (w), ∓DT ˜[D,D]T (w) and (∂DT ± ∂DT )T (w).
However, in the classical limit we do not have to worry about the ordering because the different
ordering gives the same result, as we described in previous section. Note that the relative
coefficients −3
c
, − 3
2c
, and − 3
4c
correspond to 4, 2, 1 in the a 3
2
ψ 3
2
(a 3
2
ψ2 in the second sign) terms
[13]. One realizes that the relative coefficients 54
5c
and − 6
5c
(= −1
9
× 54
5c
) in the α-dependent
terms give the correct values in [13].
The relative coefficients 1
3
and 1
12
appearing in the descendant fields for (DT ∓ DT )(w)
can be obtained the formula [42, 1], 1
n!
× Γ(hi−hj+hk+n)
Γ(hi−hj+hk) ×
Γ(2hk)
Γ(2hk+n)
where hi, hj, and hk are the
conformal dimensions in the operator product expansion φi(z)φj(w) ∼ φk(w) and n is the
number of derivatives of φk(w). Let us compute for the case of the field (DT ±DT )(w) and
its descendant field. One sees that hi = 2, hj =
5
2
, and hk =
3
2
in the primary basis. Then
the coefficient of ∂(DT ±DT )(w) can be read off from 1
1!
×
Γ(2− 5
2
+ 3
2
+1)
Γ(2− 5
2
+ 3
2
)
×
Γ(2× 3
2
)
Γ(2× 3
2
+1)
= 1
3
where
n = 1 and the coefficient of ∂2(DT ± DT )(w) is given by 1
2!
×
Γ(2− 5
2
+ 3
2
+2)
Γ(2− 5
2
+ 3
2
)
×
Γ(2× 3
2
)
Γ(2× 3
2
+2)
= 1
12
where n = 2. For given coefficient 3 in the (DT ± DT ), the former becomes 3 × 1
3
= 1 and
the latter becomes 3× 1
12
= 1
4
as in (4.3).
4.3 The operator product expansion W (z)
˜
(−1)12[D,D]W (w)
In this case, one should compute the extra operator product expansion between W (z) and
TW (w). Let us describe the operator product expansion between the spin-2 and spin-3, by
adding this extra contribution to (C.3),
W (z)
˜
(−1)
1
2
[D,D]W (w) =
1
(z − w)2
[
−
3(−8 + c)
2(−12 + 5c)
α
˜[D,D]W
−
9c(−12 + 5c)
4(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]T + 27(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
∂TT
+
27(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
T
˜[D,D]T − 54(−12 + 5c)
(−1 + c)c(6 + c)(−3 + 2c)
T 3
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−
9c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
DTDT −
3c(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
∂2T + 3V
]
(w)
+
1
(z − w)
[
−
(−72 + 15c+ c2)
2(3 + c)(−12 + 5c)
α ∂
˜[D,D]W + 18
c(3 + c)
αT∂W
−
6
(3 + c)
α (DTDW +DTDW )−
3c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT − ∂DTDT )
+
9(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]TT + 36
c(3 + c)
α ∂TW
+
9(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
∂T
˜[D,D]T − 54(−12 + 5c)
(−1 + c)c(6 + c)(−3 + 2c)
∂TTT
−
(−12 + 5c)
4(−1 + c)(−3 + 2c)
∂3T + ∂V
]
(w) + · · ·
−→
1
(z − w)2
[
−
3
10
α
˜[D,D]W − 45
2c
DTDT + 3V
]
(w)
+
1
(z − w)
[
−
1
10
α ∂
˜[D,D]W − 6
c
α (DTDW +DTDW )−
15
2c
(∂DTDT − ∂DTDT )
+∂V ] (w) + · · · . (4.4)
There is no fourth-order singular term due to the particular combination of spin-3 field in
(2.25). See the equation (C.3) where the fourth-order singular term occurs. Compared to
the previous two cases, many terms in the quantum operator product expansion vanish in
the classical limit. In the α-independent nonlinear term for the classical limit, the relative
coefficients give the correct values and also the coefficients −15
2c
and 15
2c
are consistent with
those in the bulk theory [13]. Note that there is an extra term DTDT (w) in the second
singular term and this doesn’t appear in the classical algebra. One can rewrite the last two
nonlinear terms in the first-order singular term as −15
2c
∂(DTDT )(w). Therefore, the presence
of −45
2c
DTDT (w) generates its above descendant field. The relative coefficient 1
3
is true from
the conformal invariance.
We will present the other remaining operator product expansions in the Appendix D given
by (D.1), (D.2), (D.3), and (D.4). As in (4.4), for the operator product expansions containing
the new spin-3 field, one should recombine the contributions from TW (z). Furthermore, one
should write down the old fields using the two relations (2.21) and (2.25).
5 Conclusions and outlook
We have found the complete “nonlinear” operator product expansion, characterized by (2.18)
together with (2.19) and (2.20), of the lowest higher spin current with spins (2, 5
2
, 5
2
, 3) in the
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N = 2 KS model on CPN space. In component approach, they are given in (C.1)-(C.10)
in primary basis. The asymptotic symmetry of the higher spin AdS3 supergravity, at the
quantum level, should preserve the N = 2 WN+1 algebra which contains the above nonlinear
operator product expansion 10.
• It is an open problem to describe the quantum analysis of AdS3 supergravity(or gravity
in the context of [49]) bulk theory. As noticed in (2.24) and (2.28), one should take into
account the quantum behavior(or normal ordered product in the composite operators). We
expect that there are additional c-dependent terms in the variations of various generators
with different spins in the asymptotic symmetry algebra.
• The field contents for the N = 2WN+1 algebra are given by T (Z), W (Z), V (Z), X(Z),
a current with spins (5, 11
2
, 11
2
, 6), · · ·, a current with spins (N,N + 1
2
, N + 1
2
, N + 1). It is an
open problem to construct these currents in terms of N = 2 WZW constrained currents. The
first step is how to generalize the current (2.7), satisfying the conditions (2.10) and (2.11), to
arbitrary N . Once this current is found, then in principle, one can proceed to compute the
operator product expansion, by hand, to determine other higher spin currents.
• So far, we have considered the operator product expansion of W (Z1) W (Z2). It would
be interesting to see the remaining operator product expansions for the higher spin currents.
For example, W (Z1) V (Z2) and V (Z1) V (Z2) for general N . As in previous paragraph, in
order to obtain these, it is necessary to find out the W (Z) for general N . For N = 2 W4
algebra where N = 3, these are constructed in [38], along the line of the approach 1, but the
explicit results are still missing.
• As described in the introduction, the approach 2 is based on the quantum Miura trans-
formation. Some of the currents in the Fateev-Lukyanov construction are found in [50, 51, 13].
It is an open problem to compute all the other currents systematically and see whether these
satisfy the above operator product expansion (2.18). In this case, in general, the fields are not
primary. Therefore, the nontrivial task is to find the right primary fields with N -dependent
coefficient functions.
• One can also consider the bosonic subalgebra of (2.18) for particular N . For N = 2, this
analysis was done in [35]. For N = 3, the subalgebra should contain the bosonic W4 algebra.
In the notation of [1], one denotes it asW(2, 3, 4). The field contents of this algebra are given
by the stress tensor of spin 2, one higher spin current of spin 3, and other higher spin current
of spin 4. It would be interesting to obtain the algebra found in [52, 53]. The main thing
10The nonlinear structure of the ’t Hooft limit of (2.18) is in principle fixed by N = 2 conformal invariance.
Therefore, these nonlinear terms are bound to match with the ones obtained from the Drinfeld-Sokolov
reduction of supersymmetric higher spin algebra if the linear ones do. We thank the referee for pointing this
out.
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is to identify the correct primary fields for given fields coming from T (Z), W (Z) and V (Z).
Similarly, the N = 4 case corresponds to the bosonic W5 algebra denoted by W(2, 3, 4, 5). It
is an open problem to obtain the algebra in [54, 55] from our result.
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Appendix A The generators and structure constants of
U(1)× SU(4) in complex basis
Let us describe the 5 generators Tm where m = 1, 2, · · · , 5 and the remaining 3 generators Ta
where a = 6, 7, 8 as follows:
T1 =

0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
 , T2 =

0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
 , T3 =

0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0
 ,
T4 =

i
2
+ 1√
12
0 0 0
0 − i
2
+ 1√
12
0 0
0 0 − 2√
12
0
0 0 0 0
 ,
T5 =

i√
24
+
√
5√
40
0 0 0
0 i√
24
+
√
5√
40
0 0
0 0 i√
24
+
√
5√
40
0
0 0 0 − 3i√
24
+
√
5√
40
 ,
T6 =

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
 , T7 =

0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
 , T8 =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0
 . (A.1)
Note that T4 = iH1 + H2 and T5 = iH3 + H4 where the three Cartan generators are
given H1 =
1
2
diag(1,−1, 0, 0), H2 =
1√
12
diag(1, 1,−2, 0), H3 =
1√
24
diag(1, 1, 1,−3) and
H4 =
√
5√
40
diag(1, 1, 1, 1). The generators have been normalized so that tr TaTb¯ = δab and
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tr TmTn¯ = δmn. The conjugated generators Tm¯ and Ta¯ can be obtained from Tm¯ = T
†
m and
Ta¯ = T
†
a . One can easily see that the 8 generators Tm, Tm¯ where m = 1, 2, · · · , 4 consist of
the SU(3) subgroup generators. The remaining diagonal generators (T5 + T5¯) and (T5 − T5¯)
correspond to the two U(1)’s in the subgroup H of the coset model (2.6) and the generator
(T5 + T5¯) corresponds to the U(1) in the numerator.
Appendix B The operator product expansions (2.3) and
(2.11) in the component approach
Practically, it is often useful to compute the operator product expansions in component ap-
proach. Now we would like to rewrite the N = 2 superspace formula (2.3) as follows:
T (z) T (w) =
1
(z − w)2
c
3
+ · · · ,
T (z) DT (w) =
1
(z − w)
DT (w) + · · · ,
T (z) DT (w) = −
1
(z − w)
DT (w) + · · · ,
T (z) [D,D]T (w) = −
1
(z − w)2
2T (w) + · · · ,
DT (z) T (w) = −
1
(z − w)
DT (w) + · · · ,
DT (z) DT (w) =
1
(z − w)3
c
3
+
1
(z − w)2
T (w)
+
1
(z − w)
1
2
[
−[D,D]T + ∂T
]
(w) + · · · ,
DT (z) [D,D]T (w) = −
1
(z − w)2
3DT (w)−
1
(z − w)
∂DT (w) + · · · ,
DT (z) T (w) =
1
(z − w)
DT (w) + · · · ,
DT (z) DT (w) =
1
(z − w)3
c
3
−
1
(z − w)2
T (w)
−
1
(z − w)
1
2
[
[D,D]T + ∂T
]
(w) + · · · ,
DT (z) [D,D]T (w) = −
1
(z − w)2
3DT (w)−
1
(z − w)
∂DT (w) + · · · ,
(−1)
1
2
[
D,D
]
T (z) T (w) =
1
(z − w)2
T (w) +
1
(z − w)
∂T (w) + · · · ,
(−1)
1
2
[
D,D
]
T (z) DT (w) =
1
(z − w)2
3
2
DT (w) +
1
(z − w)
∂DT (w) + · · · ,
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(−1)
1
2
[
D,D
]
T (z) DT (w) =
1
(z − w)2
3
2
DT (w) +
1
(z − w)
∂DT (w) + · · · ,
(−1)
1
2
[
D,D
]
T (z) [D,D]T (w) = −
1
(z − w)4
c+
1
(z − w)2
2[D,D]T (w)
+
1
(z − w)
∂[D,D]T (w) + · · · . (B.1)
Similarly, the operator product expansions between the stress energy tensor and the higher
spin current Φ with spins (∆,∆+ 1
2
,∆+ 1
2
,∆+ 1) can be written as
T (z) DΦ(w) =
1
(z − w)
DΦ(w) + · · · ,
T (z) DΦ(w) = −
1
(z − w)
DΦ(w) + · · · ,
T (z) [D,D]Φ(w) = −
1
(z − w)2
2∆Φ(w) + · · · ,
DT (z) Φ(w) = −
1
(z − w)
DΦ(w) + · · · ,
DT (z) DΦ(w) =
1
(z − w)2
∆Φ(w) +
1
(z − w)
1
2
[
−[D,D]Φ + ∂Φ
]
(w) + · · · ,
DT (z) [D,D]Φ(w) = −
1
(z − w)2
(2∆ + 1)DΦ(w)−
1
(z − w)
∂DΦ(w) + · · · ,
DT (z) Φ(w) =
1
(z − w)
DΦ(w) + · · · ,
DT (z) DΦ(w) = −
1
(z − w)2
∆Φ(w)−
1
(z − w)
1
2
[
[D,D]Φ + ∂Φ
]
(w) + · · · ,
DT (z) [D,D]Φ(w) = −
1
(z − w)2
(2∆ + 1)DΦ(w)−
1
(z − w)
∂DΦ(w) + · · · ,
(−1)
1
2
[
D,D
]
T (z) Φ(w) =
1
(z − w)2
∆Φ(w) +
1
(z − w)
∂Φ(w) + · · · ,
(−1)
1
2
[
D,D
]
T (z) DΦ(w) =
1
(z − w)2
(∆ +
1
2
)DΦ(w) +
1
(z − w)
∂DΦ(w) + · · · ,
(−1)
1
2
[
D,D
]
T (z) DΦ(w) =
1
(z − w)2
(∆ +
1
2
)DΦ(w) +
1
(z − w)
∂DΦ(w) + · · · ,
(−1)
1
2
[
D,D
]
T (z) [D,D]Φ(w) =
1
(z − w)2
(∆ + 1)[D,D]Φ(w) +
1
(z − w)
∂[D,D]Φ(w)
+ · · · . (B.2)
All the component fields except the fourth component of T (Z) in (2.5) are primary, from
(B.1) and (B.2), with respect to the stress energy tensor (−1)1
2
[D,D]T (z). As we described
in section 2, under the modified stress energy tensor (2.21), some of them are not primary.
In general, once we know the stress energy tensor and the first component of any primary
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field, then other three components of this primary field are determined by the primary field
condition. We used this property all the time in this paper.
Appendix C The operator product expansions of N = 2
quantumWN+1 algebra in component approach:
Primary basis
The operator product expansion of spin-2 and spin-2, from the relation (2.18), can be written
as 11
W (z) W (w) =
1
(z − w)4
c
2
+
1
(z − w)2
[
2αW −
c
(−1 + c)
[D,D]T −
3
(−1 + c)
T 2
]
(w)
+
1
(z − w)
[
α ∂W −
c
2(−1 + c)
∂[D,D]T −
3
(−1 + c)
∂TT
]
(w) + · · ·
−→
1
(z − w)4
c
2
+
1
(z − w)2
[
2αW − [D,D]T −
3
c
T 2
]
(w)
+
1
(z − w)
[
α ∂W −
1
2
∂[D,D]T −
3
c
∂TT
]
(w) + · · · . (C.1)
Also we take the large c limit. In section 2, we introduced a new stress energy tensor by looking
at the second-order pole. One easily sees the relative coefficient 1
2
between the second-order
and the first-order singular terms from the conformal invariance.
The spin-2 and spin-5
2
operator product expansions are
W (z) (DW ±DW )(w) =
1
(z − w)3
3
[
DT ∓DT
]
(w)
+
1
(z − w)2
[
α (DW ±DW ) +
c
(−1 + c)
∂(DT ∓DT )−
3
(−1 + c)
T (DT ±DT )
]
(w)
+
1
(z − w)
[
(DV ∓DV ) +
2(−27 + 12c+ c2)
(3 + c)(−12 + 5c)
α ∂(DW ±DW )
∓
c(63− 9c+ 2c2)
4(−1 + c)(6 + c)(−3 + 2c)
∂2DT −
6(−15 + c)
(3 + c)(−12 + 5c)
α T (DW ∓DW )
−
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
TT (DT ∓DT ) +
54(−1 + c)
(3 + c)(−12 + 5c)
α (DT ∓DT )W
11With the N = 2 package [40], one obtains the following component operator product expansions auto-
matically by using the command “N2OPEToComponents”.
26
−
27c
2(6 + c)(−3 + 2c)
([D,D]TDT ∓DT [D,D]T ) +
(−15 + c)(−3 + c)c
2(−1 + c)(6 + c)(−3 + 2c)
∂2DT
−
3(−15 + c)c
(−1 + c)(6 + c)(−3 + 2c)
(∂DT ± ∂DT )T
−
3(−54 + 39c+ c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂T (DT ±DT )
]
(w) + · · ·
−→
1
(z − w)3
3
[
DT ∓DT
]
(w)
+
1
(z − w)2
[
α (DW ±DW ) + ∂(DT ∓DT )−
3
c
T (DT ±DT )
]
(w)
+
1
(z − w)
[
(DV ∓DV ) +
2
5
α ∂(DW ±DW )∓
1
4
∂2DT −
6
5c
α T (DW ∓DW )
−
18
c2
TT (DT ∓DT ) +
54
5c
α (DT ∓DT )W −
27
4c
([D,D]TDT ∓DT [D,D]T )
−
3
2c
(∂DT ± ∂DT )T −
3
4c
∂T (DT ±DT ) +
1
4
∂2DT
]
(w) + · · · . (C.2)
One realizes that the symmetry behind the two types of combination in the second- and
third-components of W (w) occurs in the right hand side except some derivative terms but at
the classical level these derivative terms also can be combined.
The operator product expansion between the spin-2 and spin-3 is given by
W (z) (−1)
1
2
[D,D]W (w) =
1
(z − w)4
3T (w)
+
1
(z − w)2
[
−
3(−8 + c)
2(−12 + 5c)
α [D,D]W −
9c(−12 + 5c)
4(−1 + c)(6 + c)(−3 + 2c)
∂[D,D]T
+
42
(−12 + 5c)
αTW −
3(36− 9c+ 8c2)
2(−1 + c)(6 + c)(−3 + 2c)
T [D,D]T
−
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
T 3 −
9c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
DTDT
−
3c(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
∂2T + 3V
]
(w)
+
1
(z − w)
[
−
(−72 + 15c+ c2)
2(3 + c)(−12 + 5c)
α ∂[D,D]W +
6(3 + 4c)
(3 + c)(−12 + 5c)
αT∂W
−
6
(3 + c)
α (DTDW +DTDW )−
3c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT − ∂DTDT )
−
3c(3 + 4c)
2(−1 + c)(6 + c)(−3 + 2c)
∂[D,D]TT −
6(−15 + c)
(3 + c)(−12 + 5c)
α ∂TW
+
9(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
∂T [D,D]T −
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂TTT
27
−
c(−6 + 13c)
4(−1 + c)(6 + c)(−3 + 2c)
∂3T + ∂V
]
(w) + · · ·
−→
1
(z − w)4
3T (w)
+
1
(z − w)2
[
−
3
10
α [D,D]W +
42
5c
α TW −
6
c
T [D,D]T −
18
c2
T 3 −
45
2c
DTDT + 3V
]
(w)
+
1
(z − w)
[
−
1
10
α ∂[D,D]W +
24
5c
α T∂W −
6
c
α (DTDW +DTDW )
−
15
2c
(∂DTDT − ∂DTDT )−
3
c
∂[D,D]TT −
6
5c
α ∂TW −
18
c2
∂TTT + ∂V
]
(w)
+ · · · . (C.3)
Note that the spin-3 field V (w) and its descendant field ∂V (w) arise here. In the c → ∞
limit, the terms ∂[D,D]T (w), ∂2T (w), ∂T [D,D]T (w), and ∂3T (w) are vanishing with an
appropriate limiting procedure.
The operator product expansion of spin-5
2
and spin-5
2
occurs as follows:
DW (z) DW (w) =
1
(z − w)
[
−
12
3 + c
αDTDW −
6
(−1 + c)
∂DTDT
]
(w) + · · ·
−→
1
(z − w)
[
−
12
c
αDTDW −
6
c
∂DTDT
]
(w) + · · · . (C.4)
There are no any linear terms in the right hand side. At the linear level, there were no singular
terms [16]. Similarly, one has the following operator product expansion
DW (z) DW (w) +DW (z) DW (w) =
1
(z − w)5
2c
+
1
(z − w)3
[
4αW −
(−3 + 5c)
(−1 + c)
[D,D]T −
6
(−1 + c)
T 2
]
(w)
+
1
(z − w)2
[
2α ∂W −
(−3 + 5c)
2(−1 + c)
∂[D,D]T −
6
(−1 + c)
∂TT
]
(w)
+
1
(z − w)
[
3(−6 + c)(−1 + c)
(3 + c)(−12 + 5c)
α ∂2W −
3c(9− 3c+ c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂2[D,D]T
+
6(−15 + c)
(3 + c)(−12 + 5c)
αT [D,D]W +
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
TT [D,D]T
−
36(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
TDTDT +
12(3 + 4c)
(3 + c)(−12 + 5c)
α(DTDW −DTDW )
+
3(18− 51c+ 5c2)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT + ∂DTDT )−
54(−1 + c)
(3 + c)(−12 + 5c)
α [D,D]TW
+
27c
2(6 + c)(−3 + 2c)
[D,D]T [D,D]T −
9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂[D,D]TT
28
−
9(−6 + c)
2(6 + c)(−3 + 2c)
∂T∂T −
3(−18 + 24c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂2TT
−
3(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂3T − [D,D]V
]
(w) + · · ·
−→
1
(z − w)5
2c
+
1
(z − w)3
[
4αW − 5 [D,D]T −
6
c
T 2
]
(w) +
1
(z − w)2
[
2α ∂W −
5
2
∂[D,D]T −
6
c
∂TT
]
(w)
+
1
(z − w)
[
3
5
α ∂2W −
3
4
∂2[D,D]T +
6
5c
α T [D,D]W +
18
c2
TT [D,D]T
−
72
c2
TDTDT +
48
5c
α(DTDW −DTDW ) +
15
2c
(∂DTDT + ∂DTDT )
−
54
5c
α [D,D]TW +
27
4c
[D,D]T [D,D]T −
9
4c
∂T∂T −
3
2c
∂2TT − [D,D]V
]
(w) + · · · ,(C.5)
where the spin-4 field occurs in the right hand side. In the c → ∞ limit, the terms
∂[D,D]TT (w) and ∂3T (w) are vanishing. One can easily analyze the relative coefficients
appearing in the spin-2 fields and its descendant fields.
The different combination between the spin-5
2
fields leads to
DW (z) DW (w)−DW (z) DW (w) =
1
(z − w)4
6T (w) +
1
(z − w)3
3∂T (w)
+
1
(z − w)2
[
2(6 + c)
(−12 + 5c)
α [D,D]W +
2c(9− 3c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂2T
−
3(−3 + c)(−6 + 13c)
2(−1 + c)(6 + c)(−3 + 2c)
∂[D,D]T +
84
(−12 + 5c)
α TW
−
6(9 + 5c2)
(−1 + c)(6 + c)(−3 + 2c)
T [D,D]T −
18(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
T 3
−
6(−3 + c)(−6 + 13c)
(−1 + c)(6 + c)(−3 + 2c)
DTDT + 6V
]
(w)
+
1
(z − w)
[
(6 + c)
(−12 + 5c)
α ∂[D,D]W +
(−18 + 9c− 13c2 + c3)
2(−1 + c)(6 + c)(−3 + 2c)
∂3T
+
42
(−12 + 5c)
α ∂(TW )−
3(−3 + c)(−6 + 13c)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT − ∂DTDT )
−
3(9 + 5c2)
(−1 + c)(6 + c)(−3 + 2c)
(∂[D,D]TT + ∂T [D,D]T )
−
27(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂TTT + 3∂V
]
(w) + · · ·
−→
1
(z − w)4
6T (w) +
1
(z − w)3
3∂T (w)
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+
1
(z − w)2
[
2
5
α [D,D]W + ∂2T +
84
5c
α TW −
15
c
T [D,D]T −
36
c2
T 3
−
39
c
DTDT + 6V
]
(w)
+
1
(z − w)
[
1
5
α ∂[D,D]W +
1
4
∂3T +
42
5c
α ∂(TW )−
39
2c
(∂DTDT − ∂DTDT )
−
15
2c
(∂[D,D]TT + ∂T [D,D]T )−
54
c2
∂TTT + 3∂V
]
(w) + · · · . (C.6)
In this case, the spin-3 field V (w) and its descendant field ∂V (w) appear. In the c → ∞
limit, the term ∂[D,D]T (w) vanishes. By adding or subtracting the two equations (C.5) and
(C.6), one obtains DW (z) DW (w) and DW (z) DW (w) independently.
One also has the following operator product expansion without any linear terms
DW (z) DW (w) =
1
(z − w)
[
12
3 + c
αDTDW −
6
(−1 + c)
∂DTDT
]
(w) + · · ·
−→
1
(z − w)
[
12
c
αDTDW −
6
c
∂DTDT
]
(w) + · · · . (C.7)
There were no singular terms at the linear level [16].
The next operator product expansion between the spin-5
2
and the spin-3 leads to
(DW ±DW )(z) (−1)
1
2
[D,D]W (w) =
1
(z − w)4
15
2
[
DT ±DT
]
(w)
+
1
(z − w)3
[
α (DW ∓DW ) +
(−3 + 5c)
2(−1 + c)
∂(DT ±DT )−
3
(−1 + c)
T (DT ∓DT )
]
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+
1
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(3 + c)(−12 + 5c)
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4(−1 + c)(6 + c)(−3 + 2c)
∂2DT
±
(108 + 423c− 93c2 + 10c3)
8(−1 + c)(6 + c)(−3 + 2c)
∂2DT +
3(57 + 13c)
(3 + c)(−12 + 5c)
α T (DW ±DW )
−
63(3 + 4c)
2(−1 + c)(6 + c)(−3 + 2c)
(TTDT ± TTDT ) +
3(33 + 23c)
(3 + c)(−12 + 5c)
α (DT ±DT )W
−
3(72− 99c+ 55c2)
4(−1 + c)(6 + c)(−3 + 2c)
([D,D]TDT ±DT [D,D]T )
−
3(−36− 87c+ 11c2)
2(−1 + c)(6 + c)(−3 + 2c)
(∂DT ∓ ∂DT )T
+
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7
2
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(w)
+
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∂3(DT ±DT )
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+
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α T (DW ± ∂DW ) +
3
(3 + c)
α(DT ∓DT )[D,D]W
+
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21
(−12 + 5c)
α (∂DT ± ∂DT )W
−
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−
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(∂DT ± ∂DT )TT +
3(3 + 7c)
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(∂DT ∓ ∂DT )∂T
−
3(9 + 5c2)
2(−1 + c)(6 + c)(−3 + 2c)
(∂2DT ∓ ∂2DT )T −
3
(3 + c)
α [D,D]T (DW ∓DW )
−
81c
4(6 + c)(−3 + 2c)
∂[D,D]T (DT ±DT ) +
3(33 + 2c)
(3 + c)(−12 + 5c)
α (∂TDW ± ∂TDW )
−
27(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂TT (DT ±DT )
+
27(−6 + c)
4(6 + c)(−3 + 2c)
∂2T (DT ∓DT ) +
3
2
∂(DV ±DV )
]
(w) + · · ·
−→
1
(z − w)4
15
2
[
DT ±DT
]
(w)
+
1
(z − w)3
[
α (DW ∓DW ) +
5
2
∂(DT ±DT )−
3
c
T (DT ∓DT )
]
(w)
+
1
(z − w)2
[
2
5
α ∂(DW ∓DW ) +
5
8
∂2DT ±
5
8
∂2DT +
39
5c
α T (DW ±DW )
−
63
c2
(TTDT ± TTDT ) +
69
5c
α (DT ±DT )W −
165
8c
([D,D]TDT ±DT [D,D]T )
−
33
4c
(∂DT ∓ ∂DT )T +
75
8c
∂T (DT ∓DT ) +
7
2
(DV ±DV )
]
(w)
+
1
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[
1
10
α ∂2(DW ∓DW ) +
1
8
∂3(DT ±DT ) +
21
5c
α T (DW ± ∂DW )
+
3
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α(DT ∓DT )[D,D]W +
36
5c
α (DT ±DT )∂W +
21
5c
α (∂DT ± ∂DT )W
−
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8c
(∂DT ± ∂DT )[D,D]T −
27
c2
(∂DT ± ∂DT )TT +
21
8c
(∂DT ∓ ∂DT )∂T
−
15
4c
(∂2DT ∓ ∂2DT )T −
3
c
α [D,D]T (DW ∓DW )−
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8c
∂[D,D]T (DT ±DT )
+
6
5c
α (∂TDW ± ∂TDW )−
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∂TT (DT ±DT )
+
27
8c
∂2T (DT ∓DT ) +
3
2
∂(DV ±DV )
]
(w) + · · · . (C.8)
The spin-7
2
field and its descendant field appear in the right hand side. At the classical limit,
the symmetry between D and D which act on the fields is manifest at both sides. At the
31
quantum level, the two derivative terms do not have common factors.
Also one has, from (C.8),
(−1)
1
2
[D,D]W (z) (DW ±DW )(w) =
1
(z − w)4
15
2
[
DT ±DT
]
(w)
+
1
(z − w)3
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−α (DW ∓DW ) +
(−6 + 5c)
(−1 + c)
∂(DT ±DT ) +
3
(−1 + c)
T (DT ∓DT )
]
(w)
+
1
(z − w)2
[
−
3(−9− 6c+ c2)
(3 + c)(−12 + 5c)
α ∂(DW ∓DW ) +
3c(81− 30c+ 5c2)
4(−1 + c)(6 + c)(−3 + 2c)
∂2DT
±
3(72 + 63c− 5c2 + 10c3)
8(−1 + c)(6 + c)(−3 + 2c)
∂2DT +
3(57 + 13c)
(3 + c)(−12 + 5c)
αT (DW ±DW )
−
63(3 + 4c)
2(−1 + c)(6 + c)(−3 + 2c)
(TTDT ± TTDT ) +
3(33 + 23c)
(3 + c)(−12 + 5c)
α (DT ±DT )W
−
3(72− 99c+ 55c2)
4(−1 + c)(6 + c)(−3 + 2c)
([D,D]TDT ±DT [D,D]T )
−
21(−15 + c)c
2(−1 + c)(6 + c)(−3 + 2c)
(∂DT ∓ ∂DT )T
+
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4(−1 + c)(6 + c)(−3 + 2c)
∂T (DT ∓DT ) +
7
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(DV ±DV )
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(w)
+
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+
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(∂DT ± ∂DT )[D,D]T
−
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(−1 + c)(6 + c)(−3 + 2c)
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∂[D,D]T (DT ±DT ) +
3(24 + 11c)
(3 + c)(−12 + 5c)
α (∂TDW ± ∂TDW )
−
36(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂TT (DT ±DT )
+
3c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
∂2T (DT ∓DT ) + 2 ∂(DV ±DV )
]
(w) + · · ·
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−→
1
(z − w)4
15
2
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DT ±DT
]
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+
1
(z − w)3
[
−α (DW ∓DW ) + 5 ∂(DT ±DT ) +
3
c
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]
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+
1
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−
3
5
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8
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8
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39
5c
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165
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48
5c
α (∂DT ± ∂DT )W
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+
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∂TT (DT ±DT )
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∂2T (DT ∓DT ) + 2 ∂(DV ±DV )
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(w) + · · · . (C.9)
Finally, the spin-3 and spin-3 operator product expansion has the following form
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1
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+
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∂T∂T +
9(6− 43c+ 2c2)
4(−1 + c)(6 + c)(−3 + 2c)
∂2TT
33
−
6(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
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(w) + · · · . (C.10)
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The spin-4 field and its descendant field appear in the right hand side. In the c → ∞ limit,
the term ∂3T (w) vanishes.
Of course, the classical limits (C.1)-(C.10) where the central charge is given by (3.1) and
the self-coupling constant is given by (3.2) can be combined into (3.3). For the fixed N with
large c limit, the corresponding self-coupling constant behaves as before. In next Appendices,
we list some relevant operator product expansions which will be necessary to transform the
operator product expansions in the primary basis of this Appendix C into those in the non-
primary basis of [13].
Appendix D The remaining operator product expansions
in the AdS3 bulk theory: Nonprimary basis
We have seen that the above relations (4.2), (4.3) and (4.4) provide the quantum and classical
operator product expansions in the notation of [13]. In this Appendix D, we would like to
complete the remaining ones.
The operator product expansion between the spin-5
2
and spin-5
2
(this does not change even-
though one introduces the modified stress energy tensor (2.21)), from (C.4), (C.5), and (C.7),
is given by
(DW +DW )(z) (DW +DW )(w) =
1
(z − w)5
2c
+
1
(z − w)3
[
4αW −
(−3 + 5c)
(−1 + c)
˜[D,D]T + 9
c
T 2
]
(w)
+
1
(z − w)2
[
2α ∂W −
(−3 + 5c)
2(−1 + c)
∂
˜[D,D]T + 9
c
∂TT
]
(w)
+
1
(z − w)
[
3(−6 + c)(−1 + c)
(3 + c)(−12 + 5c)
α ∂2W −
3c(9− 3c+ c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂2
˜[D,D]T
+
6(−15 + c)
(3 + c)(−12 + 5c)
αT
˜[D,D]W − 9(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
TT
˜[D,D]T
+
18(51 + 5c)
c(3 + c)(−12 + 5c)
αTTW +
27(−15 + c)
2(−1 + c)c(6 + c)(−3 + 2c)
T 4
−
36(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
TDTDT +
12(3 + 4c)
(3 + c)(−12 + 5c)
α(DTDW −DTDW )
+
3(18− 51c+ 5c2)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT + ∂DTDT )−
54(−1 + c)
(3 + c)(−12 + 5c)
α
˜[D,D]TW
+
27c
2(6 + c)(−3 + 2c)
˜[D,D]T ˜[D,D]T − 9(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]TT
35
−
9(−6 + c)
2(6 + c)(−3 + 2c)
∂T∂T −
3(63− 57c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂2TT
−
12
(3 + c)
αDTDW −
6
(−1 + c)
∂DTDT
+
12
(3 + c)
αDTDW −
6
(−1 + c)
∂DTDT
+
54(3 + 4c)
(−1 + c)c(6 + c)(−3 + 2c)
∂TTT − [D,D]V
]
(w) + · · ·
−→
1
(z − w)5
2c+
1
(z − w)3
[
4αW − 5 ˜[D,D]T + 9
c
T 2
]
(w)
+
1
(z − w)2
[
2α ∂W −
5
2
∂
˜[D,D]T + 9
2c
∂T 2
]
(w)
+
1
(z − w)
[
3
5
α ∂2W −
3
4
∂2
˜[D,D]T + 6
5c
α T
˜[D,D]W − 45
2c2
TT
˜[D,D]T
+
18
c2
αTTW +
27
4c3
T 4 −
72
c2
TDTDT +
48
5c
α(DTDW −DTDW )
+
15
2c
(∂DTDT + ∂DTDT )−
54
5c
α
˜[D,D]TW + 27
4c
˜[D,D]T ˜[D,D]T
−
9
4c
∂T∂T −
3
2c
∂2TT − [D,D]V −
12
c
αDTDW −
6
c
∂DTDT
+
12
c
αDTDW −
6
c
∂DTDT
]
(w) + · · · . (D.1)
Except the terms TDTDT (w), DTDW (w), DTDW , DTDW )(w), and DTDW (w), one can
easily check that all the remaining fields appear in the bulk theory computations [13]. The
relative coefficients in the spin-2 field and its descendant fields can be obtained from the
formula [48], Γ[2+1]
Γ[2]
× Γ[4]
Γ[4+1]
= 1
2
and 1
2!
Γ[2+2]
Γ[2]
× Γ[4]
Γ[4+2]
= 3
20
. That is, the coefficient 2 in the
∂W (w) is obtained from 4 × 1
2
= 2 and the coefficient 3
5
in ∂2W (w) term is coming from
4× 3
20
= 3
5
.
From the equations (C.4), (C.5), and (C.7), other type of spin-5
2
and spin-5
2
operator
product expansion is
(DW +DW )(z) (DW −DW )(w) = −
1
(z − w)4
6T (w)−
1
(z − w)3
3∂T (w)
−
1
(z − w)2
[
2(6 + c)
(−12 + 5c)
α
˜[D,D]W + 2c(9− 3c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂2T
−
3(−3 + c)(−6 + 13c)
2(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]T + 12
c
α TW
−
6(9 + 5c2)
(−1 + c)(6 + c)(−3 + 2c)
T
˜[D,D]T + 18(9− 3c+ c2)
(−1 + c)c(6 + c)(−3 + 2c)
T 3
36
−
6(−3 + c)(−6 + 13c)
(−1 + c)(6 + c)(−3 + 2c)
DTDT +
9(−3 + c)(−6 + 13c)
(−1 + c)c(6 + c)(−3 + 2c)
∂TT + 6V
]
(w)
−
1
(z − w)
[
(6 + c)
(−12 + 5c)
α ∂
˜[D,D]W + c(9− 3c+ c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂3T
+
6
c
α ∂(TW )−
3(−3 + c)(−6 + 13c)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT − ∂DTDT )
−
3(9 + 5c2)
(−1 + c)(6 + c)(−3 + 2c)
(∂[D,D]TT + ∂T [D,D]T )
+
27(9− 3c+ c2)
(−1 + c)c(6 + c)(−3 + 2c)
∂TTT + 3∂V
−
12
(3 + c)
αDTDW −
6
(−1 + c)
∂DTDT
−
12
(3 + c)
αDTDW +
6
(−1 + c)
∂DTDT
]
(w) + · · ·
−→ −
1
(z − w)4
6T (w)−
1
(z − w)3
3∂T (w)
−
1
(z − w)2
[
2
5
α
˜[D,D]W + ∂2T + 12
c
α TW −
15
c
T
˜[D,D]T + 9
c2
T 3
−
39
c
DTDT + 6V
]
(w)
−
1
(z − w)
[
1
5
α ∂
˜[D,D]W + 1
4
∂3T +
6
c
α ∂(TW )−
39
2c
∂(DTDT )
−
15
2c
∂( ˜T [D,D]T ) + 9
2c2
∂T 3 + 3∂V −
12
c
αDTDW −
6
c
∂DTDT
−
12
c
αDTDW +
6
c
∂DTDT
]
(w) + · · · . (D.2)
The relative coefficients 12
c
and 6
c
in the α-dependent terms provide the correct values in [13].
Also 15
c
in the second order singular term and 15
2c
in the first order singular term have the
correct behaviors. Furthermore, the coefficient 9
c2
in T 3(w) term and the coefficient 27
2c2
in its
derivative term behave correctly as in [13]. There are also the terms DTDT (w), DTDW , and
DTDW . The relative coefficients 6, 3, 1, and 1
4
in the spin-1 field and its descendant fields
can be obtained from the coefficient formula in [48,1].
From the equation (C.9), the next operator product expansion between the spin-3 and the
spin-5
2
has the following form
˜
(−1)
1
2
[D,D]W (z) (DW ±DW )(w) =
1
(z − w)4
3(−12 + 5c)
2c
[
DT ±DT
]
(w)
+
1
(z − w)3
[
−
(6 + c)
c
α (DW ∓DW ) +
(−12 + 5c)
(−1 + c)
∂(DT ±DT )
37
−
3(−12 + 5c)
(−1 + c)c
T (DT ∓DT )
]
(w)
+
1
(z − w)2
[
−
3(−108 + 39c− 2c2 + c3)
c(3 + c)(−12 + 5c)
α ∂(DW ∓DW ) +
3(−3 + c)2(−12 + 5c)
4(−1 + c)(6 + c)(−3 + 2c)
∂2DT
±
3(−756 + 882c− 303c2 − 29c3 + 10c4)
8(−1 + c)c(6 + c)(−3 + 2c)
∂2DT +
9(−36 + 21c+ c2)
c(3 + c)(−12 + 5c)
αT (DW ±DW )
+
45(18− 18c+ 7c2)
2(−1 + c)c(6 + c)(−3 + 2c)
(TTDT ± TTDT ) +
3(108− 75c+ 23c2)
c(3 + c)(−12 + 5c)
α (DT ±DT )W
−
3(−12 + 5c)(−15 + 11c)
4(−1 + c)(6 + c)(−3 + 2c)
( ˜[D,D]TDT ±DT ˜[D,D]T )
−
9(−3 + c)(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
∂DTT ±
9(252− 270c+ 83c2 + 5c3)
2(−1 + c)c(6 + c)(−3 + 2c)
∂DTT
−
9(−144 + 234c− 137c2 + 5c3)
4(−1 + c)c(6 + c)(−3 + 2c)
∂TDT ±
9(−12 + 5c)(−30 + 19c+ c2)
4(−1 + c)c(6 + c)(−3 + 2c)
∂TDT
+
(−12 + 7c)
2c
(DV ±DV )
]
(w)
+
1
(z − w)
[
−
(−15 + c)c
(3 + c)(−12 + 5c)
α ∂2(DW ∓DW ) +
(−3 + c)(9− 3c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂3DT
−
6
c
T (DV ∓DV )−
54(6 + c)
c(3 + c)(−12 + 5c)
αTT (DW ∓DW )
−
27(−15 + c)
(−1 + c)c(6 + c)(−3 + 2c)
TTT (DT ∓DT ) +
36(−15 + c)
c(3 + c)(−12 + 5c)
αT (DT ∓DT )W
+
81
(6 + c)(−3 + 2c)
T ( ˜[D,D]TDT ∓DT ˜[D,D]T )− 6
c
W (DW ∓DW )
+
6(54− 6c+ c2)
c(3 + c)(−12 + 5c)
αT (∂DW ± ∂DW )−
3
(3 + c)
α(DT ∓DT ) ˜[D,D]W
+
3(24 + 11c)
(3 + c)(−12 + 5c)
α (DT ±DT )∂W +
12(72− 27c+ 4c2)
c(3 + c)(−12 + 5c)
α (∂DT ± ∂DT )W
−
27c
(6 + c)(−3 + 2c)
(∂DT ± ∂DT ) ˜[D,D]T ± (−3 + c)2(−9 + 2c2)
2(−1 + c)c(6 + c)(−3 + 2c)
∂3DT
±
54(−9 + 2c2)
(−1 + c)c(6 + c)(−3 + 2c)
∂DTTT −
9(−3 + c)
(−1 + c)(−3 + 2c)
(∂DT ∓ ∂DT )∂T
±
9(−3 + c)(3 + c)(−9 + 2c)
2(−1 + c)c(6 + c)(−3 + 2c)
∂2DTT +
3
(3 + c)
α
˜[D,D]T (DW ∓DW )
−
3(18− 18c+ 7c2)
(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]T (DT ±DT )
+
9(36− 81c+ 17c2)
(−1 + c)c(6 + c)(−3 + 2c)
∂TTDT +
54(−9 + 2c)
(−1 + c)(6 + c)(−3 + 2c)
∂DTTT
38
−
9(36− 9c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂2DTT +
3(−36 + c)(−6 + c)
c(3 + c)(−12 + 5c)
α (∂TDW ± ∂TDW )
−
3(−6 + c)(9− 3c+ c2)
(−1 + c)c(6 + c)(−3 + 2c)
∂2T (DT ∓DT )±
9(−18− 27c+ 17c2)
(−1 + c)c(6 + c)(−3 + 2c)
∂TTDT
+2 ∂(DV ±DV )
]
(w) + · · ·
−→
1
(z − w)4
15
2
[
DT ±DT
]
(w)
+
1
(z − w)3
[
−α (DW ∓DW ) + 5 ∂(DT ±DT )−
15
c
T (DT ∓DT )
]
(w)
+
1
(z − w)2
[
−
3
5
α ∂(DW ∓DW ) +
15
8
∂2(DT ± DT ) +
9
5c
α T (DW ±DW )
+
315
4c2
TT (DT ±DT ) +
69
5c
α (DT ±DT )W −
33
8c
˜[D,D]T (DT ±DT )
−
45
4c
(∂DT ∓ ∂DT )T −
45
8c
∂T (DT ∓ DT ) +
7
2
(DV ±DV )
]
(w)
+
1
(z − w)
[
−
1
5
α ∂2(DW ∓DW ) +
1
2
∂3(DT ±DT )
−
6
c
T (DV ∓DV )−
54
5c2
αTT (DW ∓DW )
−
27
2c3
TTT (DT ∓DT ) +
36
5c2
αT (DT ∓DT )W +
81
2c2
T
˜[D,D]T (DT ∓DT )
−
6
c
W (DW ∓DW ) +
6
5c
α T (∂DW ± ∂DW )−
3
c
α(DT ∓DT ) ˜[D,D]W
+
33
5c
α (DT ±DT )∂W +
48
5c
α (∂DT ± ∂DT )W −
27
2c
(∂DT ± ∂DT ) ˜[D,D]T
54
c2
(∂DT ± ∂DT )TT −
9
2c
(∂DT ∓ ∂DT )∂T +
3
c
α
˜[D,D]T (DW ∓DW )
−
21
2c
∂
˜[D,D]T (DT ±DT ) + 153
2c2
∂TT (DT ±DT )−
9
2c
(∂2DT ∓ ∂2DT )T
+
3
5c
α ∂T (DW ±DW )−
3
2c
∂2T (DT ∓DT )
+2 ∂(DV ±DV )
]
(w) + · · · . (D.3)
The relative coefficients 15
2
, 5, 15
8
, and 1
2
in the spin-3
2
field and its descendant fields can be
obtained from the coefficient formula in [48,1]. The relative coefficients 1, 3
5
, and 1
5
in the
spin-5
2
field and its descendant fields can be obtained similarly.
Finally, one has the following operator product expansion between the spin-3 and the
spin-3
˜
(−1)
1
2
[D,D]W (z)
˜
(−1)
1
2
[D,D]W (w) =
1
(z − w)6
1
2
(−12 + 5c)
39
+
1
(z − w)4
[
3(−8 + c)
c
αW −
3(−12 + 5c)
2(−1 + c)
˜[D,D]T + 9(−4 + 5c)
2(−1 + c)c
T 2
]
(w)
+
1
(z − w)3
[
3(−8 + c)
2c
α ∂W −
3(−12 + 5c)
4(−1 + c)
∂
˜[D,D]T + 9(−4 + 5c)
2(−1 + c)c
∂TT
]
(w)
+
1
(z − w)2
[
3(−12− 19c+ 3c2)
4(3 + c)(−12 + 5c)
α ∂2W −
9c(30− 11c+ 2c2)
8(−1 + c)(6 + c)(−3 + 2c)
∂2
˜[D,D]T
−
36
c
TV −
18(24 + 11c)
c(3 + c)(−12 + 5c)
αT
˜[D,D]W + 72(6 + c)(6 + 5c)
c2(3 + c)(−12 + 5c)
αTTW
−
18(−54− 3c+ 8c2)
(−1 + c)c(6 + c)(−3 + 2c)
TT
˜[D,D]T
+
108(−3 + c)(3 + 4c)
(−1 + c)c2(6 + c)(−3 + 2c)
T 4 −
12
c
W 2 +
63(−6 + c)
(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]TT
+
252(−6 + c)
(−1 + c)(6 + c)(−3 + 2c)
TDTDT +
6(24 + 11c)
(3 + c)(−12 + 5c)
α(DTDW −DTDW )
+
42(−6 + c)c
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT + ∂DTDT )−
12(3 + 4c)
(3 + c)(−12 + 5c)
α
˜[D,D]TW
+
3(18− 27c+ 16c2)
2(−1 + c)(6 + c)(−3 + 2c)
˜[D,D]T ˜[D,D]T + 54(48 + c)
(−1 + c)c(6 + c)(−3 + 2c)
∂TTT
−
9(−360 + 630c− 353c2 + 6c3)
4(−1 + c)c(6 + c)(−3 + 2c)
∂2TT −
9(6− 19c+ 6c2)
4(−1 + c)(6 + c)(−3 + 2c)
∂T∂T
+
6(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂3T − 2[D,D]V
]
(w)
+
1
(z − w)
[
(−15 + c)c
2(3 + c)(−12 + 5c)
α ∂3W −
c(30− 11c+ 2c2)
4(−1 + c)(6 + c)(−3 + 2c)
∂3
˜[D,D]T
−
9(24 + 11c)
c(3 + c)(−12 + 5c)
α ∂(T [D,D]W ) +
3(24 + 11c)
(3 + c)(−12 + 5c)
α (DT∂DW + ∂DTDW )
+
126(−6 + c)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTTDT − ∂DTTDT )
+
36(6 + c)(6 + 5c)
c2(3 + c)(−12 + 5c)
αTT∂W +
72(6 + c)(6 + 5c)
c2(3 + c)(−12 + 5c)
α∂TTW −
18
c
∂(TV )−
12
c
∂WW
+
21(−6 + c)(−3 + c)
(−1 + c)(6 + c)(−3 + 2c)
∂2DTDT −
6(3 + 4c)
(3 + c)(−12 + 5c)
α ∂( ˜[D,D]TW )
+
3(18− 27c+ 16c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]T ˜[D,D]T − 3(24 + 11c)
(3 + c)(−12 + 5c)
α ∂(DTDW )
−
9(−54− 3c+ 8c2)
(−1 + c)c(6 + c)(−3 + 2c)
∂
˜[D,D]TTT + 63(−6 + c)
2(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]T∂T
+
126(−6 + c)
(−1 + c)(6 + c)(−3 + 2c)
∂TDTDT +
21(−6 + c)(−3 + c)
(−1 + c)(6 + c)(−3 + 2c)
∂2DTDT
40
−
18(−54− 3c+ 8c2)
(−1 + c)c(6 + c)(−3 + 2c)
∂TT
˜[D,D]T − 9(30− 11c+ 2c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂2T∂T
+
216(−3 + c)(3 + 4c)
(−1 + c)c2(6 + c)(−3 + 2c)
∂TTTT +
27(48 + c)
(−1 + c)c(6 + c)(−3 + 2c)
∂T∂TT
−
3(−144 + 258c− 123c2 + 2c3)
2(−1 + c)c(6 + c)(−3 + 2c)
∂3TT +
3(3 + 4c)
2(−1 + c)(6 + c)(−3 + 2c)
∂4T − ∂[D,D]V
]
(w)
+ · · ·
−→
1
(z − w)6
5c
2
+
1
(z − w)4
[
3αW −
15
2
˜[D,D]T + 45
2c
T 2
]
(w)
+
1
(z − w)3
1
2
∂
[
3αW −
15
2
˜[D,D]T + 45
2c
T 2
]
(w)
+
1
(z − w)2
[
9
20
α ∂2W −
9
8
∂2
˜[D,D]T − 36
c
TV +
72
c2
αTTW −
72
c2
TT
˜[D,D]T
+
216
c3
T 4 −
12
c
W 2 +
126
c2
TDTDT +
66
5c
α(DTDW −DTDW )
+
21
c
(∂DTDT + ∂DTDT )−
48
5c
α
˜[D,D]TW + 12
c
˜[D,D]T ˜[D,D]T
−
27
8c
∂2T 2 − 2[D,D]V
]
(w)
+
1
(z − w)
[
1
10
α ∂3W −
1
4
∂3
˜[D,D]T + 33
5c
α ∂(DTDW −DTDW )
+
36
c2
α∂(TTW )−
18
c
∂(TV )−
6
c
∂(WW )
+
21
2c
∂(DTDT +DTDT )−
24
5c
α ∂( ˜[D,D]TW ) + 6
c
∂( ˜[D,D]T ˜[D,D]T )
−
36
c2
∂(TT ˜[D,D]T ) + 63
c2
∂(TDTDT )−
3
4c
∂3T 2
+
108
c3
∂T 4 − ∂[D,D]V
]
(w) + · · · . (D.4)
Due to the presence of T 2(w) in the classical limit, its descendant fields, ∂T 2(w), ∂2T 2(w),
and ∂3T 2(w) appear and the field TDTDT (w) occurs. Also the nonlinear term T 4(w) and
its descendant field ∂T 4(w) appear in the right hand side. The relative coefficients of various
spin-4 fields to its descendants, 1 and 1
2
, can be obtained from the conformal symmetry. Also
note that the relative coefficients, 1, 1
2
, 3
20
, and 1
30
in the nonlinear T 2 term and its descendant
fields are the same as the ones in linear spin-2 terms [16]. All of these do not appear in the
bulk theory. Other remaining nonlinear terms appear in [13].
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We also present the other operator product expansions
(DW ±DW )(z) W (w) = −
1
(z − w)3
3
[
DT ∓DT
]
(w)
+
1
(z − w)2
[
α (DW ±DW )−
(−3 + 2c)
(−1 + c)
∂(DT ∓DT )−
3
(−1 + c)
T (DT ±DT )
]
(w)
+
1
(z − w)
[
−(DV ∓DV ) +
3(−6 + c)(−1 + c)
(3 + c)(−12 + 5c)
α ∂(DW ±DW )
±
3(27− 18c+ 3c2 + 2c3)
4(−1 + c)(6 + c)(−3 + 2c)
∂2DT +
6(−15 + c)
(3 + c)(−12 + 5c)
αT (DW ∓DW )
−
9(−15 + c)
2(−1 + c)(6 + c)(−3 + 2c)
TT (DT ∓DT )−
54(−1 + c)
(3 + c)(−12 + 5c)
α (DT ∓DT )W
+
27c
2(6 + c)(−3 + 2c)
( ˜[D,D]TDT ∓DT ˜[D,D]T )− 3c(9− 3c+ c2)
2(−1 + c)(6 + c)(−3 + 2c)
∂2DT
−
3(−18 + 24c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂DTT ∓
3(9− 3c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂DTT
−
9(12 + c)
2(6 + c)(−3 + 2c)
∂TDT ∓
9(−6 + c)
2(6 + c)(−3 + 2c)
∂TDT
]
(w) + · · ·
−→ −
1
(z − w)3
3
[
DT ∓DT
]
(w)
+
1
(z − w)2
[
α (DW ±DW )− 2 ∂(DT ∓DT )−
3
c
T (DT ±DT )
]
(w)
+
1
(z − w)
[
−(DV ∓DV ) +
3
5
α ∂(DW ±DW )±
3
4
∂2DT +
6
5c
α T (DW ∓DW )
−
9
4c2
TT (DT ∓DT )−
54
5c
α (DT ∓DT )W +
27
4c
( ˜[D,D]TDT ∓DT ˜[D,D]T )
−
3
2c
(∂DT ± ∂DT )T −
9
4c
∂T (DT ±DT )−
3
4
∂2DT
]
(w) + · · · ,
and
(−1)
1
2
˜[D,D]W (z) W (w) = 1
(z − w)4
3T (w) +
1
(z − w)3
3∂T (w)
+
1
(z − w)2
[
−
3(−8 + c)
2(−12 + 5c)
α
˜[D,D]W − 9c(−12 + 5c)
4(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]T
+
12
c
α TW −
3(36− 9c+ 8c2)
2(−1 + c)(6 + c)(−3 + 2c)
T
˜[D,D]T
−
27(−12 + 5c)
2(−1 + c)c(6 + c)(−3 + 2c)
T 3 −
9c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
DTDT
−
3(18− 15c+ 2c2 + 2c3)
2(−1 + c)(6 + c)(−3 + 2c)
∂2T +
27(−12 + 5c)
2(−1 + c)(6 + c)(−3 + 2c)
∂TT + 3V
]
(w)
42
+
1
(z − w)
[
−
(−15 + c)c
2(3 + c)(−12 + 5c)
α ∂
˜[D,D]W + 6
(3 + c)
αT∂W
+
6
(3 + c)
α (DTDW +DTDW )−
6c(−12 + 5c)
(−1 + c)(6 + c)(−3 + 2c)
(∂DTDT − ∂DTDT )
−
6(9− 3c+ c2)
(−1 + c)(6 + c)(−3 + 2c)
∂
˜[D,D]TT + 12
(3 + c)
α ∂TW
+
3c(3 + 4c)
(−1 + c)(6 + c)(−3 + 2c)
∂T
˜[D,D]T − 27(−12 + 5c)
(−1 + c)c(6 + c)(−3 + 2c)
∂TTT
+
(18− 15c+ 2c2 + 2c3)
2(−1 + c)(6 + c)(−3 + 2c)
∂3T + 2∂V
]
(w) + · · ·
−→
1
(z − w)4
3T (w) +
1
(z − w)3
3∂T (w)
+
1
(z − w)2
[
−
3
10
α
˜[D,D]W + 12
c
α TW −
6
c
T
˜[D,D]T − 45
2c
DTDT −
3
2
∂2T + 3V
]
(w)
+
1
(z − w)
[
−
1
10
α ∂
˜[D,D]W + 6
c
α T∂W +
6
c
α (DTDW +DTDW )
−
15
c
(∂DTDT − ∂DTDT )−
3
c
∂
˜[D,D]TT − 12
c
α ∂TW +
6
c
∂T
˜[D,D]T
−
18
c2
∂TTT +
1
2
∂3T + 2∂V
]
(w)
+ · · · ,
where the former can be obtained from (4.3) while the latter can be obtained from (4.4).
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